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Nomenclature
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™

antisymmetric exchange

1

(A-B) scalar product of two vectors

(é X B) vector product of two vectors

(A®B) tensor product of two vectors

B magnetic induction [T]

cosh(x) =(e¥+e™)/2

Co = NAMO;LZB/k, reduced Curie constant

dag(d4B, di8, d38) parameter vector for ASE

d';‘fgq spherical transform of the parameter set for ASE,

B = (dfB + id]B)/v/2, dIB = dlP
d38 = GAB individual-pair (AB) interaction parameter for ASE

in the given direction (a = x, y, z)

Dj axial zero-field splitting parameter (single-ion
anisotropy parameter)

Dag axial asymmetric exchange parameter

Ea rhombic zero-field splitting parameter (single-ion
anisotropy parameter)

Eap rhombic asymmetric exchange parameter

e free-electron g-value

G many-electron compound parameter for ASE

related to the energy gap

G; = D, = Ap compound parameter for ASE, normal (out-of-
plane) component

(Gx, Gy) compound parameters for ASE, in-plane com-
ponents; — (D;, D)= (A}, As) -longitudinal and
transversal components

QA magnetogyric tensor

Ga= (B -g&4) magnetogyric parameter vector
HF high field

ITO irreducible tensor operator

Jas isotropic exchange coupling constants,
LF low field

LT low temperature

Mmei  molar magnetization [A m2 mol—1]

Mpo1/(Napg) magnetization per particle in units of Bohr
magneton [dimensionless]

PT perturbation theory

sinh(x) =(e¥—e™)/2

tanh(x) =sinh(x)/cosh(x)=(e¥ —e™*)/(e* +e™¥)

TL’;, Tyq spherical tensor of rank k and component q, —k <

. qs= +k

'TL’; ={A® B}yq compound tensor operator made of the ten-
sor product of the constituent vectors Aand B; k -
tensor rank, ¢ - component

Zo =Zexp(—s§0) /kT), zero-field partition function
i

Z(By) = Z exp|—¢;j(By)/kT], partition function
i
(aj ||T’< H ') reduced matrix element of a tensor operator
i oJ2
m; my; -M
3j-symbol for addition of angular momenta;
constraints: my +my =M and |j; —j2| <J <j1 +Jj2

= (rjamimaIM)(~1)1 2 M(2) 4 1)71/2

PR 241 + 1020 + DT
B3]

(i1j2j12j3JMj1j2j3j23JM) 6j-symbol for addition
of angular momenta; constraints: (a,b,c)=

Groi2.13) o
(].1’1.5’].6) in the symbol ].1 1.2 ].3 have an
(a, J2,Je) ja Js Js

(a-Js-J3)

integral sum, and satisfy the triangular condition
la—bl<c<a+b

i J2 2
{13 Ja 34 } = [(Zj12 + 1)(2j34 + 1)(2j13 + 1)(2jza + DI
J13 Joa J
x (j1j2j12j3jaj34) (M)
for addition of angu

J1j3j13j2jaj24/(M))  9j-symbol
ar momenta

() zero matrix element

(x) non-zero matrix element

™ Hermitean-adjoint matrix element

Ya = gqupB, Zeeman factor in the a-th direction

K= Xmol/Co reduced susceptibility [K~1]

A = +&/2S, spin-orbit splitting parameter within an
atomic term

Heft = /(3k/Nato) XmolT = 1B +/3(Xmor T/ Co), effective
magnetic moment

Xmol = o(0Mpo1/0B), molar magnetic susceptibility
[m3 mol—1]

XmotT/Co product function in units of the reduced Curie con-
stant [dimensionless], recommended presentation

Xl parallel component of the magnetic susceptibility
X1 perpendicular component of the magnetic suscep-
tibility

by the 45 parameters) operates in dinuclear, trinuclear, or polynu-
clear spin system. Having the experimental evidence, they continue
in improving their models by including the single-ion anisotropy
terms (D, parameters). As a rule, this parameter manifests itself
in the zero-field splitting of the spin manifolds owing to which
the susceptibility curve (x vs T) deviates from the isotropic-case
behavior.

The inclusion of the D4 parameters, however, is far from com-
plete. At the same time other exchange-interaction terms could
contribute: the asymmetric exchange (Dsg parameters) along with
the antisymmetric exchange (dsg parameters) and biquadratic
exchange. The uniaxial anisotropy is only a part of the overall effect
and in some cases also rhombic anisotropy parameters are relevant
(E4 and E,p parameters). Continuing in this list, the monoclinic and
triclinic anisotropy parameters could also be in the play though
little knowledge about them is available.

The effect of the non-isotropic exchange is obvious: it induces
the magnetic anisotropy. The magnetic anisotropy can be obtained
by measuring oriented single crystals. The recorded magnetization
(susceptibility) components diverge from the isotropic counter-
parts at lower temperature. With increasing temperature and in
extreme magnetic fields the magnetic anisotropy tends to disap-
pear and cannot be detected. However, when low-temperature
experiments are done, the magnetic anisotropy can be safely
detected also for the powder samples.

The usual hypothesis that the magnetic anisotropy is domi-
nated by the single-ion anisotropy needs a more detailed inspection
(theoretical modeling) and experimental verification. In general,
such a hypothesis is not fully justified. There are two reasons for
complaint. In the strong exchange limit (|J| > 0), the asymmetric
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Fig. 1. The energy levels for a S4=S;=1/2 diad coupled in an antiferromagnetic manner, J/hc=—1cm~" (weak exchange limit). Left—effect of the asymmetric exchange,
right—effect of the antisymmetric exchange. Avoided level crossing is highlighted by a circle.

exchange (Dyp) is combined with the single-ion anisotropy param-
eters (D) through combination coefficients of the same order, say

Ds = CaDa + CgDp + CapDag (1.1)

By ignoring Dag, the “recorded” Ds will lead to incorrect con-
clusions about the magnitude and sign of D4. The above addition
needs be applied in the tensorial sense which depends upon the
particular molecular structure. The Dap (Esg) parameters, in fact,
result from the symmetrized part of the exchange-coupling ten-
sor. If there is a general anisotropy, the antisymmetrized part of the
exchange-coupling tensor is also in play and this is nothing else
but the antisymmetric exchange. The individual interaction terms
entering the spin-Hamiltonian for a diad are termed as follows:

Aup = —]AB(§A-§B)h’2...isotropic (bilinear) exchange

+ugB - (84 -Sa+Zp-Sp)h'...Zeeman term

(ASE) seems analogous in the above three respects. However, the
development of energy levels in an applied magnetic field is dif-
ferent and consequently the magnetic anisotropy is quantitatively
different with respect to the asymmetric exchange. A characteris-
tic aspect of ASE is an avoided level crossing as seen in Fig. 1. With
decreasing ratio d/J the zero-field energy gap A tends to disappear
and the system behaves like the isotropic case.

There is a principal methodological difference when treating the
asymmetric/antisymmetric exchange. For instance, for a dinuclear
system Sp = Sg = 1, the asymmetric exchange matrix adopts the
form

+D,[8484 — (54 -S4)/3]h 72 + D[8BSB — (Sp - Sp)/3]h~2...axial single-ion anisotropy

...zero-field splitting

+EA(5454 — §§,‘§3‘,‘)h’2 + Ep(8B8B — §5§}‘f)h’2...rhombic single-ion anisotropy

+DaplSASE — (Sa - Sp)/31h 2 + Eap(S4SE — §48B)h~2...asymmetric exchange

+EiAB . (§A x §B)h‘2...antisymmetric exchange

...anisotropic exchange

+biquadratic exchange + triquadratic exchange + double exchange + ...

In order to introduce the reader into the effect of the asymmet-
ric and/or antisymmetric exchange, let us analyze the modeling
showninFig. 1 for the simplest S, =Sp = 1/2 diad. If only the isotropic
exchange coupling is present, the individual spin-multiplets
|S, M5> are (2S+1)-fold degenerate in the absence of the magnetic
field; the energy levels develop in the magnetic field uniformly
in any direction. The asymmetric exchange causes: (i) a zero-field
splitting of the S=1 state by amount of Dy ; (ii) a different develop-
ment of energy levels in different field directions; (iii) a magnetic
anisotropy, since the magnetization components (M;, My) and the
susceptibility components ( xz, xx) at low temperature visibly dif-
fer one from another. The effect of the antisymmetric exchange

®
: i .
b0 : an ; * * *
St . Bile T 5ol n
H""=[c,{ . b, . |a, a,
1 i
E bo ¥ b—2 % aU a—Z
Co } - b, C Ay a4, a,
Eb+2 = b[) 3 a+2 aU
€ | b, i d, a (1.2)
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(points refer to zero matrix elements and stars to Hermitean
adjoint, a;, b; and ¢; symbols refer to the asymmetric exchange
matrix elements) for kets ‘S , M5> ordered inanascending way. Such
a matrix is usually treated in the strong exchange limit when only
the blocks diagonal in spin (S’ = S) are considered. On the contrary,
the antisymmetric exchange matrix has the following structure (b;
symbols refer to antisymmetric exchange matrix elements)

[ ® S,
P
boi } Pk ox ow
.Ha.miz “'.-"E-'b"_""" = 'E"-- e
‘b, b .
1b, b, b 1
- b b
ot e (1.3)

where the diagonal blocks exactly vanish. Therefore the interaction
between off-diagonal blocks (S’ # S) need to be considered which
is completely opposite to the case of asymmetric exchange.

The idea about the antisymmetric exchange was pioneered
by Dzyaloshinsky and Moriya [1,2]. An important contribution
to this field was provided by Belinskii and Tsukerblat. There
are sources available where this type of non-isotropic exchange
is involved and eventually studied from general point of view
[3-8,48b]. What is badly missing is a comprehensive modeling of
magnetic functions (susceptibility, xT-product, magnetization) for
low-nuclearity spin systems (diads, triads, tetrads) which could
help chemists/physicists in the identification of the effect. How-
ever, particular studies are already available and they will be briefly
reviewed in Chapter 5.

The explosively increasing knowledge about the single-
molecule magnets [9,10] relies on the description of the barrier
to magnetic tunneling as exclusively provided by the molecular-
state Ds (Es) parameters. Whether the antisymmetric exchange
takes part in this business remains an open question so far. No
doubt that the antisymmetric exchange itself induces the mag-
netic anisotropy, and finally it could combine with the asymmetric
exchange and the single-ion anisotropy terms.

1.2. The scope of review

Chapter 2 deals with the spin Hamiltonian formalism for
polynuclear systems. As a working tool, the irreducible tensor
operator (ITO) approach is utilized. For such a reason, the basic
algebra with ITOs is presented. The matrix elements for the dinu-
clear and trinuclear systems are presented that involve the isotropic
exchange, spin-Zeeman term, and the antisymmetric exchange.
(The asymmetric and biquadratic exchange is not covered by this
review. The former has been reviewed in the paper about the
zero-field splitting in metal complexes [11].) These basics allow
an extensive modeling of the energy levels and magnetic functions
(temperature dependence of the magnetic susceptibility and field
dependence of the magnetization) for individual Cartesian compo-
nents and their average (Chapters 3 and 4, Appendix) for homospin
diads and triads.

Experimental data on the antisymmetric exchange are reviewed
in Chapter 5. The tabulations involve data from different sources:
electron paramagnetic resonance, magnetic susceptibility and
magnetization measurements.

For the numerical processing of the antisymmetric exchange
we selected to work in the basis set of uncoupled spin kets ‘1> =

|SA, MA> |SB, MB> |SN, MN> as follows.

e The spin matrices in this basis set are computer-generated and
multiplied, to form the operator part that is combined with the
corresponding parameter set. The spin-Hamiltonian matrix is
then constituted for a reference magnetic field B

(L [ASBR)| ) = (1 [AS |y + (1 [A™™] ]y + (1 |[HZ(By)| ) (14)

e The magnetic field is aligned either parallel (the z-axis) or per-
pendicular (x- or y-axis) with respect to the molecular axis A-B.
The diagonalization of the spin-Hamiltonian matrix yields a set
of eigenvalues for a given magnetic field: &;(By). Then the refer-
ence magnetic field has been raised by a small increment, By, =
By + &, in order to obtain three sets of energy levels (§=10"3T).

¢ The logarithm of the partition function (in the given direction)

Z(B)=) exp [— gi(B")} (1.5)

kT

is fitted by a parabola from which the first and the second deriva-
tives are easy to determine. The molar magnetization is then

Mool = NAkT<8'“Z> (1.6)
T

oB
where the derivative refers to the reference field. With the ramp-
ing field, the field dependence of the magnetization can be
mapped. The averaged magnetization presented below is a simple
average

(My + My + M)
3

The magnetization is given in the units My,o;/(Naptg) which is
the magnetization per particle per Bohr magneton. The magneti-
zation and its components are modeled through this review for
the temperature T=2 K. This limit is available at plenty laborato-
ries using the commercial SQUID apparatus.

e The molar magnetic susceptibility can be obtained by evaluating
the energy levels for three small fields and a subsequent parabolic
fit in the a-th direction (a=x, y, z)

May = (1.7)

gia(B) = &% + &VB + B2 (1.8)

i,a i,a i,a

The van Vleck coefficients obtained are inserted into the van
Vleck formula

2
Z[(‘?E,la)) /KT — 262 Jexp(—&) /KT)
Xaa,mol = Natto 1 ) (1.9)
Zexp(—si’a /KkT)

i

Alternatively, the second derivative of the partition function can
be utilized to calculate the differential susceptibility without the
limitations of the van Vleck equation as

8%InZ
Xaa,mol = HoNakT (332 ) (1.10)
T

The most difficult and the most tedious step in this project is the
generation of the spin matrices and their eigenvalues. Only in lim-
ited cases can they be obtained in an analytic form providing that
the magnetization and susceptibility would be expressed through
closed formulae. In general, the required matrix elements contain
the vector coupling coefficients, i.e. the 3j-symbols, 6j-symbols, and
the 9j-symbols. The final formulae for them are presented to the
complexity of 3j-symbols and 6j-symbols since their values can be
easily computer-generated.
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1.3. Notations used

1. SI units are used consistently through the paper; Xxmol
[SI]=4m x 1078 x 01 [cgs&emu].

2. The energy quantities E (like &, J, d) are presented in the form of
the corresponding wavenumber, i.e. E/hc and given in units of
cm 1,

3. The isotropic exchange constants are uniformly thought in the
form —J;(S; - §j )h’z. The data from original sources differing from
this definition have been rescaled to the above form.

4. The angular momentum operators bring the reduced Planck con-
stant i when operating to a corresponding wavefunction (a ket).

5. The fundamental physical constants (wg, Na, k=kg, wp, h)
adopt their usual meaning. The reduced Curie constant Cy =
Natton3/k = 4.7141997 x 105K m> mol ™" is met in the paper.

6. The Condon-Shortley phase convention is utilized along with
the pseudo-standard phase system for the irreducible tensor
operators.

7. The antisymmetric exchange is synonymous to the
Dzyaloshinsky-Moriya interaction. The anisotropic exchange is
frequently taken as synonymous to the asymmetric exchange.
However, the antisymmetric exchange induces magnetic
anisotropy as well, so that it is better to distinguish between
two contributions to the anisotropic exchange: the asymmetric
and antisymmetric exchange, respectively.

2. Methodology
2.1. General spin Hamiltonian

The Hamiltonian that describes the interaction of a set of mag-
netic centers with the external magnetic field involves the spin
Zeeman term, the orbital Zeeman term, the operator of the local
spin-orbit coupling, and the operator of the direct spin-spin inter-
action (spin-spin dipolar term and the spin-spin contact term)

(B> Sa)+h " up(B- Y L) +H > halla-Sa)
A A A

+hizzZ(§A @gg) (2.1)

A B<A

A =7 upge

In terms of the perturbation theory, this Hamiltonian acts as a
perturbation that yields the first-order and the second-order cor-
rections to the zero-field and zero-interaction energy [11]. The
first-order correction can be rewritten as follows

ZZZ Sa- D) 53 )+ ppge(

A B<A

AW = (0A'10) =

'ZgA)
A

(2.2)

assuming the absence of first-order angular momentum in the
ground-state wave function |O> The second-order correction con-
tains the matrix elements

(OIF"IK) = ™" upB - Z<O|EA|K> +h‘22/\A§A OIL4IK) (2.3)

A A

based on the assumption of the orthogonality of the state vectors
|K > Then

-B. (ZZMBAM> B+ Sa - (harsAs) Sp
A B A B
+h ' jugB- (ZZ/\AB}»B> -Sp

A B
+h ' jugB- (ZZAAB)»A> -Sa
A B

where the lambda tensor (with the given sign convention) has been
introduced

= OL K) KLO
App = — Z [Lal |Lp|0)

25
Ex — Ep (2-3)

K#0

Finally, the spin Hamiltonian for a polynuclear system becomes
AS=(B-k-B)+h " up(B- ZEA -S4) +hiZZZ(§A -Dag - Sp)
A A B
(2.6)

where magnetic parameters (tensors) occur:

(a) the k-tensor (reduced, temperature-independent paramagnetic
susceptibility tensor)

K= (ZZM%,AAB> [energy x induction 2] (2.7)
A B

(b) the g-tensors (magnetogyric ratio tensors) as

A:gA = ZZiABAB [dimensionless] (2.8)

B

84 = ge1 + Ag, [dimensionless] (2.9)
(c) the D-tensors (spin-spin interaction tensors) as

EAB = )"A)‘-BiAB [energy] (210)

= (1-46 1 =

Dag = [2’4’3) D{) + ADag, [energy] (2.11)

The temperature-independent paramagnetic susceptibility ten-
sor is neglected hereafter since it shifts the energy levels uniformly.
The magnetic data (the molar magnetic susceptibility) are expected
to be already corrected for the TIP correction based upon empirical
experience.

The rest of the spin Hamiltonian includes the spin Zeeman term
and the spin-spin interaction. The spin-spin interaction consists of
two terms:

a) the first-order contribution Dl(“lB) involves the direct spin-spin
operators (which is usually small),

b) the second-order contribution ADg, which covers the dominat-
ing A, tensor owing to the spin-orbit coupling.

The Hamiltonian that describes the exchange interaction for a
pair of spin systems is
N DTS
HZ} =h"“(Sa - Dag - Sg) (2.12)
where the Cartesian spin-spin interaction tensor BAB, represented
by a 3 x 3 square matrix with elements D';‘g, occurs. This can be
decomposed into its symmetric and antisymmetric parts

Dyp = Jjs1 + DS + DS) (2.13)
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where
DAB 4 DAB 4 pAB
Jas = %Tr(DAB) = w:ﬂ (2.14)
is one-third of the trace,
» 0 (DfE —DpE)/2  (DE —D28)/2
Dpp = | —(DEE-DfBY/2 0 (D)2 — D3P/
—(DE -D3B)/2 (DB -DJ)/2 0
0 B —a
=| -d¥® 0 dqB (2.15)
@E i 0

Epp = (1/2) (D — DJB) = —(1/2)h > Aaks

Z<O|LA|K (K|IZ]0) - (o]E7| k) (K |E7]0)

- (2.22)
K+0

In its classical paper Moriya [2] considered localized electron
orbital states (orthogonal each to the others) and included the
spin-orbit coupling as a perturbation
A = —Jn7%(Sy - Sp)+ 1" upgeB - (S1+52) + A2 ALy - S1)

+h 20, - S,) (2.23)

The second-order energy bilinear with respect to the spin-orbit
coupling and the exchange interaction is

(n ’AL1 51]m>2]mn,(51 -S2)+2Jm(S; - Sy) <m|xi1-§1\n>

E() — Z

m#n

(2)

Ly - Sy m') 2 (S - S3) + 2Jm (Sy - S5) (m

&n —&m

) (2.24)

DI

m #£n

is the antisymmetric part that involves three independent compo-
nents, and

DEZ — s (DB +DYB)/2 (D4E +DAB)/2
(DY +D3)/2 DYY — g (D}2 + D4E)/2
(D8 +D3B)/2 (DB +D3B)/2 DB —Jp

is the symmetric traceless part with five independent components.
Then the spin Hamiltonian can be rewritten using its irreducible
components as follows

=(s)

Dy = (2.16)

~ T - > >, - =(s) -
A% =R []5(Sa - Sp) + dag - (Sa x S) + (Sa - Dag - Sp)] (2.17)

where the first term represents an isotropic exchange, the second -
an antisymmetric exchange, and the last — an asymmetric exchange.
In the simplest case of the isotropic exchange one has

A = J1h*(Sa - Sp) = —Jash ~>(Sa - Sg) = —2J4gh *(Sa - Sp)

(One should be careful in the definition of the constant fac-
tor since various numerical and sign conventions occur.) Hereafter
H/'fg = —]Agh’z(SA - Sg) is assumed.

Using the approximations introduced above, and omitting small
dipolar contributions, the z-component of the ASE parameter vec-
tor becomes expressed as follows

d3B = (DYF — D§B)/2 = Aarp( AL —

(2.18)

ARR)/2

0|E2| k) (K[E7]0) - {0 || ) (K [ EX| 0)

En — Emy

where the unperturbed states |¢m> are labeled (n, m,...) at the

centre 1and (n’,m’...)at the centre 2; |n) and |n’> are ground states.
The formula involves the exchange integrals defined as

I = (¢a(1)¢p(2) |1 | de(2)a(1))

Using simple rearrangements

(2.25)

(n|Ly ‘ m) -[S1, (51-S)]

E® =2 nn/
> o

m#n

2) mn

+2A Z nn’

m #n'

") 52, (51-$2)]

En — Emr

(2.26)

and the commutator expressions we arrive at the final expression

)

[ (L] m) 2 (o
E2) — 2l Z nn —— _ Z nn P
m#n m #n

(81 x$3)=diz- (51 x 52) (2.27)

For a single excited state |e) and |e,) at each center one gets an
expression [57]

(2.19)

~(1/2h 2hadg Y <

K+0

Ex —Eo
At the same level of approximation the isotropic exchange cou-

pling constant is

Jag = —(D4E + DB + DIBY/3 = —hakp(ALE + AQ + ALE

|L4| K) (K |LE| 0) + (0 |L}| k) (K || 0) + (0 |14| K) (K |LE| 0)

(2.20)

O
ey
and the asymmetric exchange parameters adopt the form of
Dag = (3/2)D28 = (3/2)Aarp A% = —(3/2)A 2 dpahp

3 (o|tA| k) (k|| 0)

Ex - Eo
K+0

Ex — Eo

(2.21)

el g2)< ’Ll|g1> ( ]gl,eZ <e2‘Z2’g2>

dip = 2id | (-]
gl .82 — &g1 81.827 g, — €92

(2.28)

el,g2
g1,82 =

Jpgo(1 )> involves the transfer of one elec-

where |g1) and |g;) stand for the ground states. The integral J
<¢g1( )¢g2 ’1‘ ’ Be1(2
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tron g; — g, and the second electron g, — ey. Just this is the basic
difference from the asymmetric exchange parameter, for which an
analogous procedure gave:

- 2 . 2
Dis = kz(—lﬁfﬁi) l<31 ’l-l |gl>] +A2(_J§:::§) l<32 ’L2|g2>] (2.29)

Ee1 — Eg1 Ee2 — Eg2

The exchange integral can be further replaced by the effective
superexchange integral within the Anderson theory of superex-
change:

m'n 2 bnn’bm’n
nn’

(2.30)

where U stands for the energy required to transfer an electron from
one centre to another, by, = <a F|b) is the transfer integral for
one-electron states. Within the notation of Anderson theory:

J1p = 2o (2.31)
U
- 4i - -
d12 = (U) (bnn’cn’n - Cnn’bn’n) (2~32)
with
1) 7 @) 7
- A bn’m <m’L1|n> bm’n <n"L2|m/>
Con = <§> [Z En —Em + Z En — Emr (2'33)
ms#n m #n'
Moriya also presented an estimate for the ASE parameters:
d~ (ﬁ) ] (2.34)
&e
and analogously for the asymmetric exchange parameters
2
D~(§) I (2.35)
8e

where Ag = g — ge is deviation of the gyromagnetic ratio from the
value for a free electron. This is based upon assumptions:

Ag
Cb. (7) b2
z J

e

(2.36)

The above estimates subsequently led to numerous mistakes by
considering them as “equations” suitable for a reduction of free
parameters. The main drawback of such an assumption is that the
two-center term dq, is constrained through a single-center terms
Ag.

2.2. Irreducible tensors and tensor operators

The interactions among spins have a directional nature and their
description requires working with tensors. However, working with
the Cartesian tensors is impractical, and more powerful representa-
tion is provided by spherical tensors for which the knowledge about
the angular momentum can be effectively utilized [12-20]. The
methodology briefly outlined below strictly refers to the irreducible
tensor operators (ITO). This approach allows an elegant expres-
sion of the matrix elements of the interaction operators (isotropic
exchange, Zeeman term, antisymmetric exchange, etc.) by utilizing
all the knowledge about the angular momentum.

A free atom spans to the real orthogonal rotation group Rgs. Irre-
ducible tensors of the group Rg3 are called spherical tensors: T(’;. The
superscript (k) refers to the rank of the tensor whereas the sub-
script (q: —k < q < +k) distinguishes among its components whose
number is (2qg + 1). The components of the irreducible spherical ten-
sor transform under a rotation R of the coordinate system according

(2.37)

where the Wigner rotation matrix D, spans the k-th irreducible rep-
resentation of Rs.

The tensor product of two irreducible tensors (tensor operators)
of rank I and k is defined as a set of (21+1)(2k + 1) quantities:
TR TH = (TKT!) (2.38)
This set of operators is in general reducible but a proper linear
combination of them can be taken irreducible. It can be used in
constructing an irreducible tensor product of order K with (2K + 1)
elements indexed as —K < M < K by using Clebsch-Gordan coeffi-
cients, or 3j-symbols:

Moty =3 > <k bLnmkMs> T,
n m
kk(k I K PO
=D > K+ )1 (n m _M) T,
n m

(2.39)

with the constraint |k — I| < K < (k + ). The compound irreducible
tensor operator can be constituted from elementary vectors accord-
ing to the formulae listed in Supplementary material (Table S1).

The Wigner-Eckart theorem states that the matrix element of
a tensor operator can be expressed through a more fundamental
quantity—the reduced matrix element (which is free of projections
of angular momenta) and a coupling coefficient:

(ajm "T,’\f,’ «j'm’) = (reduced matrix element)

x (coupling coefficient) (2.40)

The form used hereafter matches that of Racah [16], Judd [17],
Wybourne [18], which was accepted also by Slater [19], i.e. in terms

of the 3j-symbols:
K >(2.41)

G 15 ) = G | 1< ) -7 (7, 6

(Tabulated values of the reduced matrix elements can differ when
taken from different sources owing to different conventions.) Some
elementary reduced matrix elements are presented in Supplemen-
tary materials (Table S2) [20]. The conjugate of a reduced matrix

element is (j ||TKH a/j/>* —(=1y <a/j/ (TK)TH Olj>-
Having the reduced matrix element determined one can easily
evaluate all the matrix elements of a tensor operator. Of frequent

interest are matrix elements for a tensor product of two irreducible
tensor operators giving rise to:

i Mia )

~k o ALK o _1Y12-M12 .112 K ]%2
oo (5, 5

(2.42)

o PR
(jrjalizMuz | (T¥ & Ty

= (jij2)i2

The reduced matrix element (free of projections of angular
momenta) can be evaluated according to the decoupling formula:

<j1fz/12 (Tke T!)

K ‘

hisha)

= (G (|74 5 Gz (|7 ) [ + 102, + 12K + 1)] 2

ok
x < Jp !
Jiz Ji5 K

(Owing to the symmetry properties of the 9j-symbol another
ordering of its indices may be equivalent.) This formula, in fact,
represents a decoupling of the angular momenta because on the left

(2.43)
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side we have coupled angular momenta (J12, J{,, K) whereas on the
right side only reduced matrix elements among uncoupled angular
momenta (j, k, j;) and (j2, 1, j;,) are present. The main advantage
of this formula is that for the evaluation of matrix elements we do
not need an explicit form of the coupled wave functions. Moreover,
this formula can be simplified or extended to some important cases
(Supplementary material, Table S3). The coupling coefficients on
the right side can be easily evaluated by the standard techniques.
It is assumed hereafter that the first irreducible tensor operator,
Ti(j1), acts on the vector space |j1 my ) and the second one, Ti(j), on
the ’j2m2>.

We met three types of the vector coupling (recoupling) coeffi-
cients: the 3j-, 6j-, and 9j-symbols. For evaluation of the 3j- and
6j-symbols closed Racah formulae are available [6,7-12,20]. They
can bereadily generated also by the Mathematica package [21]. The
9j-symbols can be expressed with the help of the 6j-symbols.

The scalar product that involves the Cartesian tensor (hereafter
the scalar sum) can be rewritten into an equivalent form:

s=A-P.B=t(A-B)+p-(AxB)+A.PO.B (2.44)
The products involved are:
(a) the scalar (dot) product:

(A-B) = AyBx + AyBy +A;B, (2.45)

(b) the vector (cross) product giving rise to an axial vector:
(A x B) = {AyB; — ByA;; A;Bx — BAx; AxBy — ByAy } = —(B x A)
(2.46)

(The axial vector is conserved upon inversion of coordinates as
opposite to the true, polar vector.) Using the tensor (Kronecker)
product of two vectors:

AxBx AxBy AxB;
AyBx AyBy AyB;
AzBx A;By A:B,

0-—AwB= (2.47)

the scalar sum becomes expressed as follows:

a strong approximation. They do not recognize the spatial symme-
try either, so that in a homo-binuclear system they abstract from
the Xg and X states and also from X or IT states. For instance, in a
binuclear Cu(Il) complex the number of molecular states obtained
with two sets of d-orbitals (d=5+5) is

K — spinorbitals _ 2-d _ 20 ~190
electrons n 18

but there are only four spin-kets (one for S=0 and three for S=1).
The situation becomes more dramatic when considering a binu-
clear S1 =S, =5/2 system, like a Mn(Il) dimer. Now the number of
molecular states is

20
K= <10) = 184756

The number of the states of a given spin S can be evaluated with
the help of the Weyl's formula

Ko 25H1 <d+1 )(d+1 )
d+1 \n/2-S n/2+S+1

where the number of atomic orbitals is d=10 and the number of
electrons n=10. The spin Hamiltonian formalism deals only with a
single state of each spin what brings totally 36 states. The simplifi-
cation is tremendous.

As the first strategy, all matrix elements can be evaluated in
the basis set of uncoupled spin functions. The basis set is a tensor
product expansion of the local spin states:

1) = [Sa, Ma) |S5. M) ... |Sn, M)

(2.49)

(2.50)

(2.51)

(2.52)

and its dimension is K = (254 + 1)N. The spin Hamiltonian matrix
is

H® = H® 4 HZ 4 HO 4 (HOY™ {4 ) (2.53)

where the individual terms correspond to the isotropic exchange,
Zeeman interaction, antisymmetric exchange, asymmetric
exchange, biquadratic exchange, and eventual other types of
interactions.

S = AxPxxBx + AxPxyBy + AxPx;B; + AyPyxBx + AyPyyBy + AyPy;B; + A;P;xBx + AzPzyBy + A;P;;B;
= PxxOxx + PxyOxy + PxzOxz 4+ PyxOyx + Py, Oyy + Py;Oy; + PzxOzx + PzyOzy + P7;02,

X,Y,ZX,y,Z

= Zzpaboab = (P(z) . 0(2))
a b

In this content the scalar product of two tensors (P(2) . 0(2)) is
defined as a contraction over all indices (the superscript means the
tensor rank).

2.3. Uncoupled basis set

We are seeking a set of eigenvalues of the spin Hamiltonian that
represent the energy levels. These are invariant with respect to an
arbitrary unitary transformation applied to the basis set of spin kets.

The spin Hamiltonian operates either to a set of the uncou-
pled spin kets [S4, Msa, Sg, Msg, > or to a set of coupled spin kets
|SA, Ss, Sas, Sc, Sasc ---S, M5>. Their number (and consequently the

N
number of the magnetic energy levels) K = H(ZSA + 1)varies from
A
a few (K=22 =4 for two centers with S4 = Sg = 1/2) to several mil-
lions (K=68 =1,679,616 for eight centers with Sy = 5/2).

The spin kets abstract from any orbital contribution: they do not

recognize whether the electrons were on s-, p-, or d-orbitals. This is

(2.48)

The eigenvalues of the spin Hamiltonian are found by solving the
secular equation. In fact the variation method is used. This approach
is quite general, irrespective of the strong or weak exchange limit
and the magnitude of the magnetic field. It has, however, a disad-
vantage: the matrices may adopt large dimension and they cannot
be split into blocks of the reduced dimension unless symmetry
considerations are applied.

In parallel to the Cartesian representation of the magnetic ten-
sors their spherical transform bears some advantages since in that
case the Wigner-Eckart theorem can be directly applied. The spher-
ical transforms are reviewed in Supplementary material (Table S4).

The expressions for the matrix elements of the exchange inter-
action operators in the uncoupled basis set are collected in Table 1.
Hereafter, the local and pair-interaction vectors, tensors and matri-
ces have the centre as a subscript; in their components the centre
is a superscript, e.g. £, and g4, = g4.

We have seen that the matrix elements of the exchange-
interaction terms in the local basis set can be expressed in a closed
form. All of them can be generated by using the spin matrices. These
matrices refer either to Cartesian frames, shift-operator form, or the
spherical-tensor form and they can be used in constructing all other
spin matrices relevant to the exchange (Supplementary material,




Table 1

Matrix elements of the exchange interaction in the local basis set of the uncoupled kets?.
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(Sa — Ma + 1)(Sa + Ma)M3]

(Sp — Mg + 1)(Sp +M3) — SMA.MAABM,’K.MB

—i(1/2){(d3® + idﬁe)[anﬂ/’\.MA (SMé,MrlMA

+A (8 w1007 g1 \/(SA +Ma +1)(Sa — MA)\/(SB = Mg +1)(Sp + Mg) = Sy 1,100, w11 \/(5/\ —Ma +1)(Sa + MA)\/(SB + Mg +1)(Sp — M3)]

2

dag - (Sa x Sp)h~

anti _ g
AB

3. Antisymmetric exchange
A

(Sg + Mp + 1)(Sg — Mp)]}

(Sa+Ma +1)(Sa = Ma)Ms — 8y v, S, g1 Ma

B

- ld}és)[aM’A,MAH S Mg

(e

2 Asymmetric exchange and biquadratic exchange were omitted as they do not span the scope of this review.

Table S5). The only algebra involves a multiplication of these matri-
ces. As these matrices really are sparse, special (fast) algorithms for
their multiplication can be applied.

2.4. Coupled basis set

The coupling represents a unitary transformation among basis-
set kets. For more than two constituents several coupling paths
exist. Although the matrix elements of the spin Hamiltonian will
depend upon the coupling path (upon the intermediate quantum
numbers), the final energy levels remain invariant.

The basis set of the uncoupled microstates {‘, SaMa, ...} }
and the molecular states { S, M>} are interrelated through an

orthogonal transformation:

{S,M>}:U{|...SA,MA...>} (2.54)
where U is an orthogonal matrix
uu' =1 (2.55)

Such a matrix can be generated via an iterative procedure dur-
ing which the next-generation coupling coefficients are created
from the previous-generation coefficients and a new set of the
Clebsch-Gordan coefficients.

Having the coupling matrix determined, all the interaction
matrices can be transformed from the local basis set into the
molecular-state basis, hence

Hi® — UHE°UT,  [block-diagonal form] (2.56)

HZ = UHZ UT (2.57)
: -

HAM — UHMY (2.58)

Such a transformation may have some advantages. The isotropic
exchange matrix in the molecular-state basis adopts a block-
diagonal form: only the matrix elements corresponding to the same
spin are non-zero:

(HLi%l)s/,M/,s,M = <5/’ M |I:Iiso| S M> 8.5 (2:59)

For example, for the Sy = S = Sc = 1/2 spin system the structure
of the isotropic exchange matrix is

§=3/2] 0o ! 0
H® = 0 [§=1/27 x
0 x iS:1/2 (2.60)

(elements denoted as x are non-zero). Such a blocking meets
computational advantages when dealing with a large number of
basis-set functions.

The z-component of the Zeeman matrix appears only at the diag-
onal of the local matrix H, .. However, after the transformation into
the molecular-state basis the off-diagonal elements become non-
zero. For small magnetic fields the Zeeman term can be treated as
a perturbation and then the second-order perturbation theory can
be applied in order to determine the magnetic energy levels:

ZgZ

HZHZ

. . _ . y o

£i(S, M; B) = £0;(S, M) + %T e (2.61)
J 1

where the summation (j) runs over a row of the interaction matrix.
There is no need for the diagonalization of the high-dimensional
matrices and an identification of the van Vleck coefficients is an
easy task.

For high-dimensional matrices the time required for the trans-
formation of the interaction matrices from the local into the
molecular-state basis set may increase considerably and the pro-
cedure loses its advantages. Either the direct diagonalization of the
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spin Hamiltonian in the local basis set or the irreducible tensor
method could be faster.

Three aspects need be clarified as far as the coupling of spins is
concerned:

(1) the addition of spins giving rise to a “spin tree”;

(2) the assignment of the tensor ranks for the operators involved;

(3) the evaluation of the matrix elements of the type
<bra|operator|ket>.

We will consider a consecutive coupling of spins hereafter, i.e.,
the spin S, is added to S; yielding S15 = S,, then S5 is added to giving
Si23 = 3, etc. (Notice, alternative ways of coupling are possible.)

The calculation of the intermediate spin quantum numbers is an
easy task since there is the following recipe:

|51 =52 <5, <1+, (2.62)

|32 53] =35 <8, +53 (2.63)

etc. Then the spin tree has the form as exemplified by the following
case:

Added spin S, S1=1 S=1 S3=1
Intermediate spins Sn 1 0 1
1 0
2 1
2
1
2
3

It may be of a great advantage to have defined the coupling his-
tory vector. During the generation of the spin tree it is not time
consuming to do attachments to each final spin the complete set of
the intermediate spins.

The complete matrix element (...5,M’ |Tk,q ..5:M), that
involves the projections (M) —Eckart theorem as follows:

At the beginning of the coupling one has |S,) = [S1) and the
reduced matrix elements are evolved as follows:

bra ket reduced matrix element

Y 5 sl

5, 5 $1.52. 8, ||Tiy || 51,52, 52)

S S3 51,52,3’2,53,5’3ka3||51,52,§2,53q§3>

etc. Therefore it is natural to calculate the nth generation matrix
element with the help of the (n — 1)th generation matrix.

The above mentioned ranks of tensor operators need be attached
individually for the bilinear spin-spin interaction pairs, com-
ponents of the Zeeman term and eventually the terms of the
asymmetric or antisymmetric exchange.

For the spin-spin interaction pairs one has a simple evolution
of the type:

Pair kn (centre) K, (resulting spin)

TSieS) k
§] ®§2 1
.§1 ®§3 1
§2 ®.§3 0
51©5 1
52 ®.§4 0
.§3 ®.§4 0
etc.

o~ o~oOo~F
—oco~~—oxF
- ——~o0o0Oog
oo._no._x._xg\
O»—‘»—‘»—*»—*DNX
~ = —0co0o0oxX

OOOOOOE

The lower-case ranks k;, for individual centres are attached in
accordance with the pairs in the interaction: k; = k;j =1 for the
interaction Ty(S; ®§j): the remaining k,=0 for centres n # i, j. The
result of the interaction (for an isotropic exchange) is a scalar prod-
uct for which K, = 0. (For antisymmetric exchange the result of the
interaction has K, =1 whereas for the asymmetric exchange K, =2
belongs to the resulting interaction.)

For the Zeeman term even simpler attachment holds true, i.e.

<5]7527§,23 "'7Sn717§;1,‘155ﬂ7§:17M, ’Tk,q’515525§27 "'5Sn—17§n—1vsna§ﬂ7M>

o \S—M S, k S,
= (-1) (_M/ .

x (51,52, 855 s Su-1, Sp_15 Sns Sy || || S15 52, 525 -5 Sn1, 1, Sns S

where q is the component of the spherical tensor of rank k occurring
in the 3j-symbol. The reduced matrix element (...5, ‘Tk H .55 no
longer depends upon either the components of the bras and kets or
the operator (M’, g, and M).

The decoupling formula is based on the recoupling of the spins
when a new spin |Sn> is added to the previous-generation set

|S1, §n_1> to yield the new-generation set |S1, ey Snas §n>, ie.
(s 8155

< (S || Ty G| S - [(23) + 128 + 1)(2Kn + 1]/

[T

e Bn 1 50) = (oo B [T | S

§;1_1 gn—l Kn1
x < Sy Sn kn
S S K

(2.65)

Thus the new-generation reduced matrix element equals to the
previous-generation one, times the reduced matrix element for the
added spin, times the normalization constant, times the 9j-symbol.
The first column in the 9j-symbol contains the quantum numbers
of the bra-vector, the second column those of the ket-vector and
the third column the tensor ranks of the operator concerned. The
reduced matrix element <Sn ||Tkn(SH)H Sn> for the added spin Sj,
depending upon the tensor rank kp, is calculated via Table S2.

(2.64)

Pair kn (centre) K, (resulting spin)

?k(gi) k] kz ](3 kq (K] ) Kz K3 K4
S 1 0 0 0 1 1 1 1
S 0 1 0 0 0 1 1 1
S5 0 0 1 0 0 0 1 1
Sa 0 0 0 1 0 0 0 1
etc.

The detailed calculation of the isotropic exchange and Zeeman
interaction can be found in Supplementary material.

2.5. Antisymmetric exchange in coupled basis set

a) Operator expressions. The antisymmetric exchange operator for
a diad (AB)=(12) adopts the form of:

A — i =2[dag - (S x Sp)] = h™(dag - Asg) (2.66)

where dp(d48, dyB, d4B) is the parameter vector and Asp the
operator part. Remember that the components of the param-

. . . = (a)
eter vector are interrelated to the antisymmetric part Dz of the
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Table 2
Matrix elements of the antisymmetric exchange for a general diad?.

2983

N 1S
General expression for the type t = (S';S) H,‘;”“'(t)q = (=T =1 ( Vg M> (—iﬁ)d’l‘iquf(s,:s)h’z Parameter set d’l‘f}ﬂ = F(dgB +id)B)/v/2, diE = d2b
Angular part Radial part
a-type: forS'=S,M'=M,M +1
_ _ franti (i -1+ S 1 S
H(a,)_<S(M 1) |A SM>_( iv2)(-1) (7(1\/171) i %0
- S 15
H(ap) = <SM fanti SM> = (—iv2)(—1)™ x0
— 0 M
- S 1S
H(a,)= <5(M+ 1) |Hant 51Vl> :(_iﬁ)(_])sf(mﬂ)ﬂ %0
“M+1) +1 M
b-type: forS'=S-1,M'=M,M £ 1
H(b-) = (5 — 1)(M — 1) | Flont | 5M) = (~iv2)(~1)SD--Drt ((f(,;,]f] L fv,) xR B2
H(bo) = {(5 — 1M || sM ) = (-iv/2)-1f" M ((_SN‘, AN §/1> <RI T~
P . il S—-1 1 S —
i) = <(5‘ LY S T SM> = (iv2)(-1)e (E(M+)1) +1 M) xdf® \REE,

RME, R28

1/2
18 s = [SSa+Sa+S+1)Sa+Sa—S+1)(Sa— S +S)-5x+5a+5)/8] "B

2 The first column is exactly the same as for the Zeeman interaction; only g has been replaced by (—iv/2). This column should be multiplied by the second one.

exchange coupling tensor as follows
0 am
—a% o

@ —dP o

_JAB
dy

= (a)

_ AB
AB — dx

(2.67)

The scalar product of two vectors can be written in terms of the
spherical components as follows:

+1
an A = D (1A, = i A + AL
g=—1
—d A, (2.68)
with the spherical transforms of the parameter set:
AP,y = F(dff +id)P)/V2, dffy = d2F (2.69)

The members of the cross product can be expressed through the
first-rank tensor product:

AB = (Sp x Sg)y,q = (—iV2)(T1 4(Sa ® Sp)} (2.70)

b) Reduction. Application of the Wigner-Eckart theorem for the
spherical (q=0, +1) components yields:

(..M’ ’A’;‘?q| ..SM) = (71'\/2)(,])5’—1\/1’
g

Then the matrix elements of the antisymmetric exchange adopt
the form of:

N
M

1S

¢ M (2.71)

> (5 [TiGa@ 3]

+1
Hsm = Z(—l)q(—l)s,_M/
q=-1
N 1 S . 2
x (M, 0 M> (—iv2)d}®_ REEh (2.72)

Owing to the restriction for the non-zero 3j-symbols, namely
M’ = M + q, only one of the three g-terms can contribute. The
expressions for the required 3j-symbols are identical to those
entering the Zeeman term.

Z(a)';:;:ct form of the matrix elements of the antisymmetric exchange for a general diad.
Type HYY, ¢ 1(t) Expression
e OS] = (—idy + dy)} [ SR | N [(Sa + S5 +S +2)(Sa + S5 — S)(Sa — S5 +S + 1)(=S + S5 + S+ 1)] /2
HS s m(bo) = —id; } [ CpEe | N [(Sa+ S5 +5+2)(Sa+ S5 — SXSa — S5 + 5+ 1X(=Sa + S5 + S+ 1)]'/2
HE s (D) = (idy + dy)} [ St | N [(Sh 4S5+ 5+ 2)(Sa + S5 — S)Sa — S5 + 5+ 1)(=Ss + S5 + S + 1]/

(12)
RME, RS+1:S

1/2
= [(s+1)(sA £ Sp+S+2)Sa+Sp—S)Sa—Sp+S+1)(=Sa+Ss +S+1)/8]
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Table 4
Symmetry rules for the antisymmetric exchange.

Moriya symmetry rules [2] for a pair AB aligned to the z-axis:

(i) when there is an n-fold axis (n > 2) along AB (z), dis parallel to AB, d, + O;

(ii) when a mirror plane (xy) perpendicular to AB bisects A-B, dis parallel to the
mirror plane (perpendicular to A-B); dy # 0,dy # 0;

(iii) when there is a mirror plane (xz) including A and B, dis perpendicular to the
mirror plane; d, # 0;

(iv) when a twofold rotation axis (y) perpendicular to AB passes through the
midpoint of AB, dis perpendicular to the twofold axis; dy # 0,d; # 0;

(v) when a centre of inversion is located at the midpoint of A-B, d = 0.

c) Decoupling. The reduced matrix element is decoupled and the
9j-symbol expressed through the 6j-symbol:

REB; = (SaSsS" ||T1(5a ® Sp)|| SaSS) = (Sa |T1(§A)| Sa)
x (Sg |T1(Sp)| Sp) [(25 + 1)(28' + 1)(2- 1+ 1)]'/?

S(S+1)—S(S' +1)
2[1-2-3-S4(Sp + 1)(2S4 + 1)]'/?

» S s 1
Sg Sp Sa

For S’ =S this vanishes; consequently the a-type reduced matrix
elements are exactly equal to the zero. The only non-zero case
results from the triangular conditions for the 6j-symbol and the
reduced matrix element of the b-type survives. The final formulae
are collected in Tables 2 and 3.

The antisymmetric exchange has a vector nature and thus it
vanishes exactly when the molecule (crystal) contains an inversion
centre. Therefore it is not realistic accounting for it in the homo-
spin diads with inversion centre (unless the centers possess a very
different coordination sphere). However, for the heterospin diads
(heterometallic dinuclear complexes) it appears as a natural contri-
bution that accounts for the inequivalence of the magnetic centers.
Some other symmetry considerations are embraced in the Moriya
symmetry rules (Table 4).

The antisymmetric exchange operator appropriate to a trinu-
clear system adopts the form of:

A = i 2[dy; - (51 x S3) +di3 - (S1 x S3) + da3 - (52 x S3)]

3.2 3 3
=B dap (SaxSe)=h 2> > (dag-Ams)  (274)

A A<B A A<B

-1 )S’+SB+1+SA

(2.73)

Using the above methodology the matrix elements of the antisym-
metric exchange become reduced as:

Hanti

3 3 +1 o
S|, M/iS1SM = ZZZ(*U(](*US M

A B<Aq=-1

x <5 1S >(i«/§)dq‘?_qR§? h2 (2.75)

-M' g M 255125
Owing to the restriction for the non-zero 3j-symbols, namely M’ =
M + g, only one of the three g-terms can contribute. The expres-
sions for the required 3j-symbols are identical to those entering
the Zeeman term. The reduced matrix elements:

AB _
Rs’lzs';s1 5=

(515,51,838' ||T Sp® §B)|| $15,51253S) (2.76)
are evaluated according to the general decoupling formula. A
simplification is obtained when the 9j-symbols are further manip-
ulated by utilizing special formulae resulting only in the 6j-symbols

(Supplementary material, Table S14).

The triangular restriction for the 6j-symbol implies that S’ =
S,S+1and S}, = S12, S12 + 1 should be fulfilled. A further restric-
tion follows from the expansion of the 9j-symbols containing three
ones. Consequently the reduced matrix elements can fill only the
places according to the recipe

Total spin Intermediate spin Reduced matrix
elements
S=S Si, =512 0 b
S, =S12-1 b 0
S=5-1 Si, =512 c d
Siz = 512 -1 d C

It can be concluded that the matrix elements of the antisym-
metric matrix closely follow those for the Zeeman operator. The
complete formulae for the matrix elements are listed in Supple-
mentary material (Tables S15, S16).

3. Modeling of dinuclear spin systems

For the Sy = Sp = 1/2 system the structure of the antisymmetric
exchange matrix is

0 __JWBE A 8D

— (1/B)E 0 0 0
-uUpci 0 0 0
W/~NBD 0 0 0 (3.1)
with parameters C =id;, D = +idy + dy, E = —idx + dy. This bears
some analogy with the Zeeman interaction matrix:
0 LB (/2 (/B
, /B! —a (LW 0
H = Hy ; "
1/2)c i (1/\2)b 0 /26
(1/B)di 0 (1/\2)b a (32)

where the following parameters occur: & =34 — 35 # 0, a = g,B;,
b = gxBx — igyBy, ¢ = g,B;, d = —g;Bx + igyBy, and e = g By + ig;B,.
The complete interaction matrix becomes expressed as:

0 ) ES *
g | CNBXE i) | I -pma 0
| CHue) LN —d 4

UBYD+ud)! 0 WN2yb —J+pa (3.3)

where the stars denote Hermitian adjoint.
In the zero magnetic field, the exact eigenvalues of the ASE
matrix are

L@ e [ B dE )
’ 2 ’ 2

-
(34)

and this justifies that the ASE manifests itself as a kind of the zero-
field splitting. The ASE components cause an opening of the zero-
field energy gap A for the triplet state. While two components stay
doubly degenerate, the third component (that defines the energy
gap) increases with increasing |d/J|.

Approximate energy levels can be obtained under the assump-
tion:
P> d=d?+d2+d? (3.5)

by expanding the square root as follows:

2 _ 42
(32 + 2 + ) 712 = 1+ [1+ (;)1/251 -

(3.6)
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Fig. 2. Susceptibility components for Sy =Sg =1/2 system with J/hc=—1cm~! and ASE components: left—parallel ASE component d,/hc=0.5cm™!; right—perpendicular ASE

components dy/hc=dy/hc=0.5cm™1.

[ + (2 +d2 + a2 +]2)'%]
2

2 Ty

1-/1+(d?/J?) '+d2

— (3.7)

and this rationalizes why the energy gap raises quadratically with
d irrespective of the particular components {dx, dy, d;}.

A modeling for antiferromagnetic exchange (J<0) and non-zero
parallel component d, yields the averaged magnetic suscepti-
bility which to a low-temperature limit is weakly positive; the
z-susceptibility turns to the zero (Fig. 2). This reflects that the d;

component mixes only the non-magnetic states |0, O> and |1, O>
0 0 * 0
TSI g B0 0
H(z) = ; s | i
(1/2)(—id, + 4y g.B.) | 0 -J 0
0 0 0 —J+u,g.B, (3.8)

owing to which the z-component of the susceptibility is zero at
T— 0.
The {x, y}-components of the susceptibility reflect the mixing of

For perpendicular ASE {dy, dy} the interaction matrix for the
magnetic field in the z-direction reads

0 * * *

| NBY=id, £ d) T ing.B. 0 0

YTl W2eB) 10 -J 0
(/B)(+id, +d,) | 0 0 —J+umg.B,

(3.10)

and owing to the mixing ofCLO, O>, 1, 0> and [1, il> states the
ground state is magnetic and the z-susceptibility is non-zero in
the limit of T — 0. Consequently, the averaged susceptibility on
temperature lowering approaches a non-zero limit.

As a second example, for the S4 = Sg = 1 system the structure of
the antisymmetric exchange matrix is given by (1.3). This matrix
again resembles the structure of the Zeeman matrix except the a-
type elements (diagonal in S) which vanish exactly. The angular
part is identical to that met for the Zeeman interaction. The radial
part involves the reduced matrix elements and the parameter set

01 % s
H =d| R}

0, 0>, 1, O> and |1, i1> states due to the combined effect of the 7 Loy
Zeeman and ASE terms 00 B 30 3.11
(3.11)
0 * * *
(1/\8)uy(g.B, +ig)B,) | -J . 0
H(x,») = . T . N
(1/2)-id.) L (1/V2) (g, B, -ig, B,) -J
(1/\B)uy(—g.B, +ig,B,) | 0 (/N2) (g, B, ~ig,B,) ~J (3.9)

owing to which they are finite at T — 0. Consequently the averaged
susceptibility is non-zero in the limit of T — 0.

0 * * * L
(+1/J§)d]_0§ . .o
(~1/3)d, , i * ok
L (+1/N2)d,  (-1/N2)d,,, . B
E(’”\/E)dl L (273)d,, (-1NB)d,, .
5 UNDd, U, |
. —d,

so that for the parameter vector a(dx, dy, d;) with its spherical
transforms, dq o = d; and dq 41 = F(dx £ idy)/~/2, we get

(3.12)
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Using substitutions a = id;, b = +idx + dy, c = —idx + dy = b* we

finally obtain
0o 1w * * 00 0 0
(1/J§)c00 o 50 0
(-\2/3)ai 0 0 0 % %
/B 0 0 0 0 ¢ * =
H"=""0 1 ¢ 0 0 ) 0 0 0 0
0 | -2 (2 0 100000
0 E(l/v'a)b (<2/)a (UJE).:E 0000
o ! 0 N2 -a 10 00 00
0 1 0 0 b 10 00 0 0313

A modeling in Fig. 3 shows that the averaged susceptibility on
temperature lowering converges to a non-zero limit.

For S4 =1/2,Sp=1and a=id;, b = +idx + dy, c = —idx + dy =
b* we get the interaction matrix in the form
0 0 * * %
0 0 U ¥ % X
| WA 0 {0000
=1NDe W8 o 0 0 0
/B (-12)aio 0 0 0
0 (J3/8)b {0 0 0 0 (3.14)
20 T
“\ ————=x,y-component
| V| Bt z-component
\\\ averaged
_ 154 W e isotropic
s
S
o« 101
o
R
=
5.
0 ;
0 1 2

TIK

A modeling shows (Fig. 4) that in this case the ASE brings only a
small anisotropy that is quantitatively irrelevant.

For the general case of s = S; = Sg, the antisymmetric exchange
matrix has the following structure

|0,0)

- [L-1)
.|, for kets | [1,0)
1,+1)

(3.15)

In the strong exchange limit (J <« 0) we can restrict ourselves
only to the ground singlet and the first excited triplet. Then

1/2
AB 2 _ [s(s+1)
R | o :[ . (3.16)
giving rise to
0 Pk ok %
________J:________é________
—(1/3)d, ., :0 0 0 ™
H™ = (=i2 e s(s+1)/2]"
taNa) +1/\B)d,, 10 0 0 [s6s+D)72]
~(1/\B)d, {0 0 0 (3.17)
20 By
\-\ ————=x,y-component
— - z-component
o\ averaged
_ 15+ 1\ U [FYSVRTRT isotropic
=)
E
q;E 10+
=
&
5_
0 !
0 1 2

TIK

Fig. 4. Susceptibility components for S4 =1/2 and Sg = 1 system with J/Jhc=—1cm~" and ASE components: left—parallel ASE component d,/hc=0.5 cm~!; right—perpendicular

ASE components dy/hc=dy/hc=0.5cm™".
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so that the zero-field exchange matrix is

0 * * *
_ Sil(d, —id, )/ \2[ss+D/3] 7 1 -7 0 0
H* +H™ = ’ it !
—id, [s(s +1)/3] P00
+il(d, —id, )/ \2][ss+173]7 1 0 0 —J (3.18)
with the factors for the individual spins between s=1/2 and 5/2
1/2
NoE
[sts+1)/3]"% = { V5/2 (3.19)
V2

\/35/3/2

In the zero magnetic field, the exact eigenvalues of the ASE
matrix are

(=) — [4d2s(s + 1)/3 +J21"%) (] + [4d?s(s + 1)/3 + 2]

1/2
7]7 7]! }

2 ’ 2
(3.20)

Approximate energy levels can be obtained under the assump-
tionJ2 > d? = d? + d2 + d2, by expanding the square root as follows

(] - \/Ads(s +1)/3+]2] . ] [ds(s +1)/3]
‘ o g ld%ss+1)/3]

] (3.21)
[—J4—\/4d25§-+1)/3-+]2]£4{d2ﬂﬁ{k1)/3] (3.22)

The results of extensive modeling are given in Tables A1-A5.The
effect of the antisymmetric exchange is investigated for the reduced
parameter kT/|J| and a different ratio of the magnetic parameters
|dz/[]I, and |dx/]| =|dy/]]. For two signs of the isotropic coupling con-
stant we arrive at four panels for which the zero-field magnetic
susceptibility and the lowest energy levels are mapped. In order
to get an appropriate scale of energy levels, they were plotted in
units of |J|/AS, where AS = (1/2)[Smax(Smax + 1) = Smin(Smin + 1)]
stands for the band width; this provides that the zero-field energy
levels normalized in such a way vary between 0 and 1.

Itis noted that the primary effect of the antisymmetric exchange
is an opening of the energy gap for the spin multiplets with S > 1,
so that the ASE refers to a kind of the zero-field splitting. The open-
ing of the energy gap A is well seen for higher ratio |d/J| ~0.4.
The effect of the ASE for the averaged magnetic susceptibility at
low temperature (LT) is different for the cases of the antiferromag-
netic/ferromagnetic exchange:

1. For the antiferromagnetic exchange the LT-susceptibility is
always higher relative to the isotropic exchange because the
magnetoactive states |S, M5> are admixed to the ground state
|0, 0).

2. With the ferromagnetic exchange the energy level diagram is
inverted and the LT-susceptibility is always lower relative to
the isotropic exchange; this reflects an admixture of the mag-
netically less productive states to the ground state |S, S>. The
suppression of the susceptibility causes that instead of an LT
plateau the xT product function drops down.

3. All these effects progressively increase with increasing ratio |d/]].

Each spin diad was investigated in a strong-negative
(JJhc==50cm~') and strong-positive (JJhc=+50cm~1) limit
for two sets of parameters: parallel component d;/hc=20cm™1,
and/or perpendicular component dy/hc=dy/hc=20cm~!, using
Ziso =2.0. The energy levels, zero-field magnetic susceptibility and

its components, product function xT and its components, as well
as the isothermal magnetization (T=2.0K) and its components
are presented in Tables A6-A10. The principal observations are
discussed below. It need be mentioned that in the weak exchange
limit (|J/hc| ~1cm~1) the energy levels “interact” expressively and
are heavily influenced by the Zeeman terms; there are manifold
avoided level crossings when |d/]| > 0.

3.1.1. Observations for S, =Sg=1/2 (Table A6)

a) For the antiferromagnetic exchange coupling, /<0, and d, # 0:
¢ the d, component of the ASE mixes the non-magnetic states
0,0) and |1, 0) states owing to which the z-component of
the susceptibility is zero at T — O;
with non-zero d;, the perpendicular Zeeman term {By, By}
mixes all |0, 0>, |1, 0) and |1, ﬂ:1> spin-states owing to which
the {xx, xy}-components approach a non-zero limiton T — 0;
averaged magnetic susceptibility to a low-temperature limit
is weakly positive;
on temperature lowering, all components of the product func-
tion xT approach zero;
the parallel d,-component of ASE (aligned along the A-B link-
age) produces slight, almost invisible anisotropy of xT; the
admixture of the excited triplet state to the ground singlet
causes, that as T — 0 the averaged xT is above the isotropic
curve;
the magnetization anisotropy is oddly detectable for the given
set of parameters; the averaged magnetization is higher that
that for the isotropic exchange.
b) For the antiferromagnetic exchange coupling, /<0, and dy =
dy # 0:
e with non-zero {dy, dy}, the ground state is no longer diamag-
netic since the ASE admixes triplet components |1, £1 > to the

diamagnetic state |0, 0) also in the B,-direction;

on T — 0 all susceptibility components approach a non-zero
limit;

there is almost invisible anisotropy of the product function xT;
howeveronT — 0 the averaged xT value is above the isotropic
curve;

the magnetization anisotropy is resolved at 2 K and the aver-
aged magnetization lies above the isotropic-exchange curve.

In summary, the effect of ASE for most applications could be
ignored for an antiferromagnetically coupled pair, except in
the LT region.

c) For the ferromagnetic exchange coupling, />0, and d; # O:

e the parallel d;-component of ASE produces visible anisotropy
of the susceptibility and the product function;

e the z-component of x passes through a maximum and then
turns to the zeroas T — O;

e ontemperature lowering the averaged xT starts to depart from
the isotropic-exchange curve, it passes through a maximum
and then drops down;

e the z-component of xT is below the averaged xT and the {x,
y}-component lies above it;

e the magnetization anisotropy can be resolved at 2K for the
given set of parameters; however for a weaker isotropic
exchange (J/hc=+10cm~1) and the same ratio |d/J|=0.4 the
magnetization components are not resolved.

d) For the ferromagnetic exchange coupling, />0, and dx = dy # 0:

¢ the z-component of the susceptibility is greater than the x-
component; both approach a constant limiton T — 0;

¢ the z-component of the xT product function is above the aver-
aged xT while the {x, y}-components are below it;

¢ the magnetization anisotropy can be resolved at 2K for the
given set of parameters.
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Fig. 5. Magnetization for s=5/2 diad in various field directions (T=2.0K, B=6T); effect of the single ASE component. Appearance of the easy plane (xy or yz) perpendicular
to the ASE component (d, or dy); equivalent to the retention of the magnetization in the direction of the ASE component (hard axis).

In summary, the effect of ASE cannot be ignored for ferromag-
netically coupled pair (however, the existence of the centre of
inversion excludes its presence).

3.1.2. Observations for Sy =Sg > 1 (Tables A7-A10)

The observations are qualitatively analogous to those found for
the S;=1/2 diads. This is due to the fact that for the antiferromag-
netic coupling the ground state is S=0 followed by the S=1, etc.
However, the quantitative aspects are much more enhanced: the

magnetic anisotropy is better resolved for the components of the
susceptibility, components of the product function, as well as for
the components of the magnetization. The enhancement of the
anisotropy rises progressively with the increasing spin.

The development of the magnetization in an arbitrary field
direction is visualized via three-dimensional diagrams (and their
two-dimensional cuts) in Figs. 5-7. It can be concluded that the
magnetization exhibits retention (“a hole”) just in the direction of
the ASE components. Thus the hard axis of magnetization coincides
with the ASE vector d = (dx, dy, d;) in dinuclear spin systems.

ASE: . 51 5 .
dyhe=dJ/hec=4 cm
14 1 14
~0 N0 N0
-14 1 1
-2 2 24
2 a4 o0 1 2 a4 0 1 2 2 4 0o 1 2
P x y
ASE:
_ -1 _ ) 2 29
dfhe=4 em™, di/he=-4 cm
14 1 14
0 N 0 ]
-1 1 -1
-24 2 24
2 4 0 1 2 A 0 2 2 41 0 2
X X ¥

Fig. 6. Magnetization for s=5/2 diad in various field directions (T=2.0K, B=6T); effect of the perpendicular ASE components. Retention of the magnetization in the direction

of the ASE components ({x,y} or {x,—y}). Easy axis—z.
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Fig. 7. Magnetization for s=5/2 diad in various field directions (T=2.0K, B=6T); effect of three ASE components. Retention of the magnetization in the direction of the ASE

components ({x,y,z} or {x,—y,z}).

4. Modeling of trinuclear spin systems

As an example, for the S;
the antisymmetric exchange matrix is

gave the radial part of the interaction matrix

=S, = S3 = 1/2 triad the structure of

0 I 0 | L 0 | ¥ L
H*' = (-iv2)|d®| 70 [ 0 1% |+d® Jﬁ{ 0 i*|+d®| B8 { 0 L*
N2 1210 ¥ [-1/2} Ho —1/8 [ 172 10 | (43)
which finally yields
0 . . . s
0 ) * * j’)( ®
O s * * } * *
H :(*1"\!5) (711’2)6 (- I/J_)C“ (- ”2‘/_)':” 0 3* *
B o 22 22 o T 0 S o 72208 NS O
C1U2d, (16, (123, (UBY, (1B, 0
123, (~1NBM, (12, |+, (INBI, . 0 (4.4)
0 . 0w [8,=1 8§=3/2 M=-3/2]
0 . ® % * * =-1/2
0 . |* ®ix * M=41/2
0. *i. *®|_ M=+3/2
H™ = for kets
¢, ¢, ¢ g % B S,=1 S§=1/2 M=-1/2
T P U M=+1/2
d, d, d . |b, b i0 . S,=0 §=1/2 M=-1/2
d, d, d [b, b,i. 0 L M=+1/2| (4.1)
The letters indicate the type of the reduced matrix element
(common within a block); the subscripts (¢ = 0, £1) indicate differ- ith " f pair-int G
ent angular parts (different 3j - symbols) owing to the application WIth parameters of pair-interactions
of thg Wigner—!ickart theorem. The angular part of the intgraction by = (l/2)d“2) (- 1/2)d“3) (1/2)d(123) (4.5)
matrix is identical to those met for the Zeeman interaction. The 4
reduced matrix elements evaluated for each pair (12 (13 (23)
0)d’ o/ +(+/3/8)dy ;/ +(1/3/8 dyq (4.6)
AR * i *
R ssus | * - (1/@#” +(1/VB)D +(—1/v8)dZY (4.7)
R = Rsm\ s ! % -q -q
R'“T S =i R’”‘ - In the general case the matrix elements of ASE contain 3 x 3=9
81315188 Sa-1LS-1.8,,.8-1 ; Sz 1,518, 1,51

(4.2)

(spherical, shift-operator, or Cartesian) parameters dAB Some of
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Fig. 8. Interrelations between the local and the global {X, Y, Z} coordinate systems.

them, however, are mutually dependent owing to the spatial sym-
metry of the system under study.

The first note refers to the property of the vector product: d31
(53 x S1 )= —d31 (51 X 53) When the permutational symmetry,
natural for the equilateral triangle As, is applied to the Hamiltonian

A2 — R =2[dyy - (S1 x S3) +daz - (S x S3)+d31 - (S3xS1)] (48)
then the parameter vectors fulfill
diy = d3 = d3; = d = {dx, dy, d;) (4.9)

Otherwise, when the Hamiltonian is written in an ascending
pair-indices (dag = —dpga)

A2 —h2[dyy - (S1 x S3) +daz - (S x S3)+diz - (51 x S3)]  (4.10)
then
dip = dy3 = —di3 (4.11)

Overlooking this property led to severe errors existing in litera-
ture.

We are seeking for the transformation of three local coordinate
systems (x-aligned along the pairs a=12, 23, and 31) and the global
(molecule-frame) system {X, Y, Z}. The trigonometric relationships
result from Fig. 8.

There are two possibilities: (1) to use molecule-frame parameter
set and then to rotate properly the operator part; (2) to use the
molecule-frame operator part and to rotate the parameter set. The
molecule-frame parameter set consists of three components {A,, A,
Ap}; the Ajand A; are the in-plane components that are averaged as

= (A,2 + A%)l/z; the A, =A; is the component normal to the plane
(out-of plane). The transformation formulae refer to the rotations
along local z-axes

d(ﬂ)

X cos@g +singg O Al
dj(/“) = (—singoa COS Qg 0) <At > ,
4@ 0 0 1 An
z @ (4.12)
A cosgq —singg O d
(A[ ) = ( +sing, cos g, 0) d§,”)
An 0 0 1 d(a)
Z

The rotation angle ¢, refers to the position of the local frames:
@12 = 0, @23 = 240, and @37 = 120° (see Fig. 7). With the above set-
tings:

dgch) —A; d§,12) = A (4.13)
A7 = (“1/2)A + (-V3/2)Ai; 7P = (V3/2)A+(~1/2)A;

(4.14)

dPV = (=1/2)A + (v3/2)A¢; dPV

= (=V3/2)A1+(~1/2)A; (4.15)

(For deviations from the equilateral triangle, different angles ¢,
can be attached.) The Cartesian parameter set is transformed to the
spherical set by the way

d'?) = (F1/v2)(d? £id}?) = (+1/V2)(A £ iA) (4.16)
d?) = (1/v2)(d? + id?)

= (F1/2V2)[(~A — V3A) £ i(vV3A - A)] (4.17)
P = F1/V2) PV £ id]D)

= (F1/2V2)[(~A + V3A) £ i(—v/3A - A)] (4.18)
whereas the =0 component is trivial
dq\?o — d?B =Ap (419)

By using d} 13) dﬂ), the radial factors occurring in the anti-
symmetric exchange matrix are calculated as follows

bar = (1/2)(d'?, +dPY, +d7P)=0 (4.20)
car = (V/3/8)(—dD), +dP)) = (~3/4)i(A £ iA)

= (i3ﬁ/4)iAi1 (4.21)
diy = (1/V8) 2d(11:2t] - dfl)] - d121)1 = (F3/4)A £ iA)

= (3v2/4)A1 (4.22)
bo=(3/2)An, co=do=0 (4.23)

where we used a spherical transform of the molecular parameter
set

A1 = (A £iA)/V2 (4.24)
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Finally, the full matrix of the antisymmetric exchange for the
equilateral triangle Az becomes

0 ® -

; ' : : S,=1 §=3/2 M=-3/2

0 . . 0 * * il

¢ : * 2 0 M=+1/2

R . R 0 . * #*®

— o M =+3/2

(=3/4)4, 0 (Braa : 0 0 S,=1 §=1/2 M=-1/2

(—~3/4)4, 0 (3/d)A. . 0 0 * M=1+1/2

(3/4)i4, 0 (3/4)id. (—/3/2)i4, 0 S;=0 S=1/2 M=-1/2
WBraia, 0 @aia| o WBoig o) L M (425)

On adding the isotropic exchange, with the matrix elements
(S3/2 |[H®|S3/2) = —(3/4) and (Sy 5 [H*| Sy ) = +(3/4)], we get
the set of eigenvalues (each doubly degenerate)

1/2
£12 = (V3/4)~An —[A2 + (A — V3’1 )

(4.26)
5.6 = (V3/Dl—An + 142 + (A~ VAN ) (427)
634 = (V3/8)+An — 342 + (An + V31 ) (4.28)
675 = (V3/8)(HAn + 342 + (An + VT ) (4.29)

for A, equal to either A; (A;=0) or A; (A;=0).

In the strong exchange limit, when |J| > d, the spin is a “good
quantum number”, and then &(Sq3,S) labeling is possible; by
expanding square roots into a series, the approximate formulae for
energy levels result

&(1,3/2) = —(3/4)] + A%/(8]) (4.30)
&(1,3/2) = —(3/4)] +3A2/(8)) (4.31)
g1, 1/2)} e(a, 1/2)=+(3/4) — (v3/2)An + A?/(8)) 32)
£(0,1/2) &(b, 1/2)=+(3/4) + (v3/2)An + 342 /(8])

It can be seen that the A, component acts as a first-order correc-
tion that removes the accidental degeneracy of the spin doublets
£(0,1/2) and &(1, 1/2) belonging to the 2E state. On the contrary,
the in-plane component A; acts as a second-order correction to all
energy levels.

In the actual implementation the trial molecule-frame param-
eter set {A;, A:, An} is decomposed into three local sets dq =
{dg, dj, d}. These can be applied directly in conjunction with the
Cartesian form of the ASE operator. More convenient is to proceed
with the shift-operator form of the ASE operator requiring the shift-
operator parameter sets dq = {d} = (d§ +id}), d2 = (d§ — id}), df}.
The third possibility is to handle with the spherical-operator form
of the ASE and the spherical transforms of the parameter set d, =
{df = —d% /2, df ;= de/v2, df o =d3).

There is a fourth possibility to work in the basis set of uncoupled
kets. With the kets |MAMBMC> ordered in the standard ascending
way

- - +
— + —
- + +
MaMMc) = (1/2) P (4.33)
+ +
+ + -
|+ + +]
the ASE-matrix is
H3™ = i(d?AY + dIA? + dIA7) (4.34)

with the shift-operator form (that absorb all numerical constants)

-1
a2y _ 1 -1
AT=211 . ’
1.
-1 1
-1 1
-1
1 .
23) 1] . -1 1 . . . ..
Y Y P
-1
1.
-1 1
1
Gn_1 1
A =7 o .
1. -1
-1 . . ..
1. . -1

and the shift-down matrices which are hermitean-adjoint A? =
(A1),

+

There are the Moriya symmetry rules [2] that deduce zero- or
non-zero components of the parameter set {A, As, An}; these are
collected in Table 5 for important point-groups. Which case is
appropriate is determined by the overall (but idealized) symmetry
of the molecule containing the triangulo-unit. Some consequences
of the antisymmetric exchange for trinuclear systems are discussed
elsewhere [22].

The results of extensive modeling in reduced coordinates
are given in Tables A11-A15. Each spin triad is calcu-
lated in a strong-negative (J/hc=—50cm~1) and strong-positive
(Jlhc=+50cm~1) limit for two set of ASE parameters: out-of-

Table 5
Symmetry rules for the antisymmetric exchange in triads.

Definition of the molecule-frame parameters {A;, A;, A;} for the triad:
Symmetry D3y, {C3, 3Cy, S3, 01, 30v}: dia; =da3; =d31, =An #0
Symmetry D3 {C3,3C2}: Ap #0; A #0
Symmetry C3y {C3, 30v}: Ap #0; A +0
Symmetry C3 {C3}: Ay #0; A #0; Ar #0

Parallel (normal) component A, = A,

Perpendicular (in-plane) component A, = (A? -%—Af)l/2 =A
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plane component Ap/hc=20cm~!, and/or in-plane component
A¢/hc=A;/hc=20cm~!. The strong exchange limit secures that the
spin multiplets are well separated each from the others and the
Zeeman term does not mix them. The behavior of the magnetic
functions is different for the half-integral (n/2) and integral (n)
spins:

1. for the half-integral spins and antiferromagnetic
exchange the ground state is always a Kramers doublet

a,S=1/2,M = il/2> that results from splitting of orbitally
degenerate doublet 2E covered by |512 =0,5=1/2,M = il/z>
and ‘512 =1,5=1/2,M =+1/2) spin kets; the first excited
state is the second Kramers doublet |b, S=1/2,M = il/2>;

2. for the integral spins and the antiferromagnetic exchange the
ground state refers to a singlet, S=0;

3. for the ferromagnetic exchange the ground state is always the
maximum spin state, Smax =3n/2 and Spmax =31, respectively.

4.1.1. Observations for S;=S,=S3=n/2 (Tables A16, A18 and A20)

(a) For the antiferromagnetic exchange coupling, /<0, and A, # O:
e the A, component of the ASE mixes the mag-

netic states ‘512 =0,5=1/2,M=+1/2) and

|512 =1,S=1/2,M = i1/2> owing to which the z-

component of the susceptibility is non-zero at T — 0

and closely maps the case of the isotropic-only exchange;

at the same time the perpendicular {x,y}-components of the

susceptibility approach small, but non-zero limit as T — 0;

the averaged magnetic susceptibility to an LT limit lies below

the curve of the isotropic-only exchange;

on temperature lowering, only the {x,y}-components of the

product function xT approach zero, while the z-component

adopts a constant value;

consequently the averaged product function xT collapses to

the-zerovalueasT — Ounlike the curve for the isotropic-only

exchange that converges to xT/Cy = 1;

the z-component of the magnetization per particle rises to a

step of M1 =1,0 up (easy axis), whereas the {x,y}-components

are much lower;

the magnetization anisotropy is detectable for the given set

of parameters.

In can be concluded that for the triangulo-[n/2,n/2,n/2] spin
system the magnetic anisotropy is just opposite to that found

for the [n/2,n/2] diad when <0, and A, # 0.

(b) For the antiferromagnetic exchange coupling, J<0, and A; +# O:

e with non-zero A; the splitting of the 2E manifolds is less effec-
tive as this is the second-order effect; the behavior of the
susceptibility components is qualitatively analogous to the
previous case; however, on T — 0 the {x,y}-components of
the susceptibility converge to much higher non-zero limit;

e the anisotropy of the product function xT increases progres-
sively with the genuine spins;

¢ the magnetization anisotropy is detectable for the given set of
parameters even for s=1/2 but this grows rapidly for higher
genuine spins s=3/2 and 5/2.

In can be concluded that for the triangulo-[n/2,n/2,n/2] spin
system the magnetic anisotropy matches that found for the
[n/2,n/2] diad when J<0, and A; # 0.

(c) For the ferromagnetic exchange coupling, />0, and A, # O:

e the high-spin ground state is well isolated from the excited
ones and it is not influenced by A;; therefore the system
copies the isotropic-only exchange and stays isotropic. The
magnetization per particle saturates according to the Bril-
louin function until M =6(n/2)ug.

(d) For the ferromagnetic exchange coupling, />0, and A; # 0:

e the z-component of the susceptibility is greater than that
for the isotropic-only exchange while the {x,y}-component
converges to a small finite value on T — O;

e the z-component of the xT product function is above the aver-
aged xT while the {x, y}-components turn to zero;

e the averaged product function xT lies below the curve for the
isotropic-only exchange; it passes through a maximum and
then drops to a non-zero limit at T — 0;

¢ the z-component of the magnetization saturates more rapidly
than the Brillouin curve (easy axis) whereas the {x,y}-
components are retarded;

¢ the magnetization anisotropy is very large for the given set of
parameters.

In summary, the effect of ASE cannot be ignored for fer-
romagnetically coupled triad. The magnetic anisotropy grows
progressively with the values of the genuine spins.

4.1.2. Observations for S; =S, =S3=n (Tables A17 and A19)

e The behavior of the magnetic functions for J <0 copies that found
for antiferromagnetically coupled [n,n] diads.

e On the contrary, for />0 the behavior of magnetic functions is
analogous to that found for ferromagnetically coupled triangulo-
[n/2,n/2,n2] systems.

e The above observations are comprehensively presented in
Table 6.

The development of the magnetization in an arbitrary field
direction is visualized via three-dimensional diagrams (and their
two-dimensional cuts) in Figs. 9-12. In the present case of
triangulo-[5/2,5/2,5/2] system and the antiferromagnetic exchange
the z-component of the magnetization refers to the easy axis
irrespective whether the normal component (A;) or the in-plane
components (At, A;) of the ASE are active. However, the quantitative
consequences are different.

The magnetization in moderate fields exhibits an easy axis in the
direction of the ASE z-component. With the ramping field the easy
axis alters to the easy plane at the field By, and in the very high
field the system again becomes isotropic (Fig. 12).

5. Experimental data

The literature information about the antisymmetric exchange
parameters is listed in Table 7. However, a variety of symbols for
them is utilized (d4B, Dy, G, Gq, G4B, An, A}, At, Dy, Dy, Dy) in origi-
nal sources with different meaning that causes a direct comparison
rather difficult. The individual-pair (AB) interaction parameters in
the given direction (a = x, y, z) can be identified as d48 = G485, The
compound parameters appropriate to a triangulo-triad are D, = Ay
and (D, Dt) = (A}, A¢); n — normal, | - longitudinal, t - transver-
sal component. In the effective interaction Hamiltonian restricted
to the basis of two Kramers doublets 2D(1/2), the parameter G =

(G2 +Gp + G2)'/ with the components G, = oczlf\y:i;GQB refers to
a many-electron compound parameter related to the zero-field
energy gap (A =2G). For triangulo-triads, when Gx=Gy =0 is ful-

filled, the following relationships hold true: G4 = G,'% = G?*) =

G3Y, and G « G, = 30/G4B; GAB = /B,
Prior to discuss the individual achievements, let us remember
that the isotropic exchange Hamiltonian appropriate to a triangulo-

triad
A5 = —Jh 251 -S2) + (S5 - 83) + (S5 - 51)] (5.1)

with J< 0 brings the degenerate Kramers doublet as a ground state
2E for half-integral genuine spins s=1/2, 3/2, and 5/2. The orbital
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Property [n/2,n/2] and [n,n] triangulo-[n,n,n] triangulo-[n/2,n/2,n/2]
Based upon Tables A6-A10 A17,A19 A16, A18, A20
(@J<o d; #0 An#0 An#0

Ground state S=0 S=0 S=1/2

First excited state S=1, split by d, Components of S=1 S=1/2

X2(T—0)
Xx,y(T_> 0)
Xav(T—0)
M,(B=3T)
My, (B=3T)
AM(B=3T)

(b)J<0

Ground state
First excited state
X2(T—0)
Xx,y(Tﬁ 0)
Xav(T— 0)
M,(B=3T)

My, (B=3T)
AM(B=3T)

(©)J>0
Ground state
X2(T— 0)
Xx,y(Tﬁ 0)
Xav(T—0)
M,(B=3T)
Myy(B=3T)
AM(B=3T)
(d)J>0
Ground state
X2(T—0)
Xxy(T—0)
Xav(T—0)
M,(B=3T)
Myy(B=3T)
AM(B=3T)

0, close to iso

Finite, small

Finite, above iso (0)
Close to 0, close to iso
Small [easy plane]
Small

dy=d, #0

S=0

S=1, split by dy

Finite, higher

Finite, lower

Finite, above iso (0)
Small, higher [easy axis]
Small, lower

Small

d, #0

Smax =2n, split by d,

0

Finite, below iso

Finite, below iso

High, lower

High, saturates rapidly like iso [easy plane]
Very large

dy=dy, #0

Smax =2n, plit by dy

Finite, higher

Finite, lower

Finite, below iso

High, higher, below iso [easy axis]
High, lower

Visible/large

0, close to iso

Finite, small

Finite, above iso (0)
Close to 0, close to iso
Small [easy plane]
Small

Ai#0
S=0

Components of S=1
Finite, higher

Finite, lower

Finite, above iso (0)
Small, higher [easy axis]
Small, lower

Small

An#0
Smax = 3n, untouched by A,

Coincides with iso

Coincides with iso

Infinite

Coincides with iso, saturates rapidly
Coincides with iso, saturates rapidly
Invisible, isotropic

Ai #0

Smax =3n, split by A;

Above iso

Finite, small

Below iso

Saturates more rapidly than iso [easy axis]
Below iso

Very large

Close to iso (Curie law)

Small, but non-zero

Below iso

Higher, close to iso [easy axis]
Small

Visible

A #0

S=1/2

S=1/2

Above iso

Finite, small
Below iso

Higher [easy axis]
Smaller

Large

An#0
Smax =3n/2, untouched by A,

Coincides with iso

Coincides with iso

Coincides with iso

Coincides with iso, saturates rapidly
Coincides with iso, saturates rapidly
Invisible, isotropic

Ai#0

S=3n/2, split by A;

Above iso

Finite, small

Below iso

Saturates more rapidly than iso [easy axis]
Below iso

Very large

2 Magnetic parameters: J/hc=+50cm~", dj/hc=20cm~', A;/hc=20cm™'; iso—curve for isotropic-only exchange.

Fig. 9.
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Magnetization for s=5/2 triad in various field directions, J/hc=—-10cm~!, T=2.0K, B=6T. Effect of the components of the ASE parameter vector.
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X X ¥

Fig. 10. Magnetization for s=5/2 triad in various field directions, J/hc=—10cm~', T=2.0 K. Effect of the normal component of the ASE.

degeneracy is removed by introducing a distortion from equilateral
AAA system to isosceles ABA one, and two nomenclatures can be

met as follows:

A5 =R ?[J1(S1 - S2) — J1(S1 - S3) — 2R 2(S2 - S3)]

ASE: Afhc=Afhc=1cm™!

ASE: A/hc = A/hc =4 cm™

[
-

AS = —Joh2[(S1-S2) + (S2-S3) + (S3 - S1) = ih %(S3 - S1)

(5.3)

(often a factor —2 occurs in front of the coupling constant in liter-

(5.2) ature sources; —J; = —2J}). In the first nomenclature the zero-field
4 4 4
34 3 34
24 24 24
1 14 1
4 0 |4 0 O
-1 14 -1
-2 24 -2
-3 34 34
-44 -4 -4
4324012234 4321012234 432101234
x X ¥
4] 4] 4
3 3 3
24 2 24
14 14 14
>~ 04 O N 04 N 04
-14 -14 -14
-2 -2 -2
-3 3 -3
-44 44
432101234 43210123 4 432410123 4
x x ¥
44 44 44
34 34 ad
24 2 24
14 14 14
> pd N 04 N 0
-1 -1 -1
-2 24 24
-3 34 -3
44 -4 44
432401234 432401234 4324101234
x X ¥

Fig. 11. Magnetization for s=>5/2 triad in various field directions, J/hc=—10cm™1, T=2.0K. Effect of the in-plane ASE parameters.
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B=2T
14 1 1
, - o M 0 M 0
- 4 1
1 [ i A 0 i A 0 1
X x y
B=4T
14 1 14
x N ool N
Y o O 0 O 0 O
4 4 -
1 [ i 1 0 i 1 0 1
X X 14
14 1 1
el 4 A
1 [ i 1 0 i A 0 1
X X ¥
1 1
~ o NQ
1 14
1 0 H 1 0 i
X Y

B=10T

14 14
N 04 N 04
14 14

T T
-1 0 1 -1 0 1

14 14
N 04 N 04
-14 14

X ¥

>0
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X
B=12T
14
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a 0 1

x
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Fig. 12. Magnetization for s=5/2 triad in various field directions, J/hc=—10cm~!, T=2.0 K. Effect of the magnetic field strength: switch of the easy axis to the easy plane with

the field strength above 8T.

energy levels become

3
6(8',8) = ~(1/2IS(S+1) = > salsa+ 1]
, A (5.4)
~[Uh =1)/21IS(S + 1) = > sa(sa+ )]

A=2

where the intermediate spin is S’ = S, + S3. With any kind of the
isotropic exchange, the system stays magnetically isotropic so that

the magnetization and susceptibility develop in all directions uni-
formly.

The net effect of the antisymmetric exchange in the zero field
is analogous: a splitting of the 2E state into two Kramers doublets
(Fig. 13). However, the resulting states no longer can be attributed
to a definite intermediate spin as an effect of their mixing. In addi-
tion, the excited quartet #A, is also split. At the same time magnetic
anisotropy appears and this is the most important consequence of
the antisymmetric exchange.
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Table 7
Experimental data on antisymmetric exchange for molecular (0D) compounds.
Compound? MethodP (J/hc))em=tc g (d/hc)/cm~1d Ref. Notation
[Cull] complexes
[Cus(OH)(pyridine-2- X Jiso=—300 Siso=2.1 G=12 Tsu [25] G2 =
aldoxime)s3 |(SO4)-10.5H,0 3(G: + G; +G2)
[Cus(OH)(aaat);(H20)3](NO3 )2-H,0 X J1=-191.0 8y =2.00 G=27.8 Fer [26] G=+/3G,/6
J»=—-156.4 2,=2.09 (d,=96.3)
{[Cus3(OH)(aat)3(S04)]-6H,0}, X J1=-175.4 8xy=2.10 G=31.0 Fer [26] G=+/3G,/6
J2=-153.2 g,=2.10 (d,=107.4)
[Cu3(DBED)3(0OH)3](Cl04)3 ESR, 8=175 Zeif=2.32 G=36.0 Yoo G=G;
MCD [27,28] S=J12 —J23
X Jav=-210 8iso =2.06 G=35 Mir [29]
Jinter =+1.1
[CusCI(Mes-Hpz),(Mes-pz);(OMe)]Cl X Jav=-194 [gxy =2.20] G=33 Liu [30] G=+3G,/6
6=48 g,=2.12 Jw=02J+])/3
§=2-JI
ESR By =221
g,=147
[Cus3Br(Mes-Hpz),(Mes- X Jav=-210 [gxy=2.20] G=47 Liu [30] G=+/3G,/6
pz);(OMe)]Br
=126 g,=2.20
ESR Sy =219
2, =152
[Cus(L!)3(Im)3](ClO4)s X =-75 Cha [54]
ESR £=2.101 Geff=5.5 Pad [55]
£=2.087
[Cus(L2)(jn3-0)](Cl04)4-2H20 X J=+109 2-1.88 Suh [56]
7j'=—0.72
ESR, C 8y =2.021 Gi,=423 Yoo [57] V3G12=733
2,=2.064
[Cus(PhPYyCNO)3(OCH3)(Cl)(Cl104)] X, M J=-800 g=1.99 Afr [58]
5=30 g=[2.00] d;=15
ESR 2,=2.08
8y =1.83
[Cus(PhPYCNO)3(1e3-OH)(2,4,5-T); ] X, M J=-440 g=2.10 Afr [59]
§=40 g=[2.10] d,=20
ESR =212
8xy=1.80
Nag[CusNas(H,0)o(0t- X J=-2.72 g=2.208 Kor [60]
ASW9033 )2 ]-26]‘[20
Ty =313
[z
M, ESR h= 3'12780 By =2.25 dy=d,=d,=0.368  Cho [61]
2331 = 4 g: =2.06
7 2 a8 reanalyzed by
23,31 [62]
Nag[CusNas(H20)(ct- X J=-2.08 £=2.223 Sto [63]
SbWy033),]-26H,0
e L
=3. g, =2. —do=d.=
ESR g{n —212 gi()gy_y 240 dy=dy=d,=0.359  Cho [64]
153,31 =275 gﬁ.22.33 =2.07
[Crl'] complexes
[Cr30(C2H5C00)5(H,0)3 INO3-2H,0 X Jo=—18.3 lg.=2] Nis [31]
[gxy =1.96]

ESR 2,=2.0 @8 =0.21 Nis [31] D, =
d}? +d23 +d3!

gy =1.89

X Jo=-18.8 8iso =1.98 Hon [32] Jo=J12=J23 =J31

Ji=-27 =
ESR-SC, Jo=—18.8 Ziso=1.98 d8 =024 Hon [32] %;;f;/g;/i) &)
T=42K J1=-2.7 (g,=1.98) ID| = 4v/3|d48|
(8xy=1.89)

M, B=35T, T=0.64,4.2K Hon [33] Data compatible
with above ESR
parameters

[Cr30(CH5C00)s(H20)3]Cl-6H,0 X Hon [32]
Al site Jo=-222 8iso =1.98 Jo=J12=J3 =5
J1=+1.0 h=Jn
A2 site Jo=-19.6 8iso =1.98
Ji=-3.0
ESR-SC, Hon [32]

T=4.2K
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Compound? Method® (J/hc))em=1 ¢ g (d/hc)[ecm=1 94 Ref. Notation

Al site Jo=—222 Ziso =1.98 d48=0.06

J1=+1.0 (82.=1.98)
(gxy =1.93)
A2 site Jo=-196 Ziso =1.98 d4B =034
Ji=-30 (g,=1.98)
(gxy =1.84)

M, B=45T, T=0.62,1.3,4.2K Hon [33] Data compatible
with above ESR
parameters

[Cr;0{0>C(OH)Ph;}6(H,0)3] X Psy [34]
NO3-2H;0-3Me,CO

a-set Ji=-212 2=1.87 J1(x2), J2(x1)

h=-1938

b-set J1=-20.2 g=1.87

h=-218
ESR, 8xy=1.90 d=0.1 Psy [34] d =4v3d
T=42K 2,=1.98
[Cr30(PhCO0)s(H20)3 ]NO3-1.9MeCN X Psy [34]
-0.5H,0 a-set J1=-234 g=1.82 J1(x2), Ja(x1)
J=-192
b-set Ji=-204 £=1.82
J,=-258
ESR, gy=153 d=1.1 Psy [34] d = 4v/3d®
T=42K g,=1.82
[Crs0(PhCO0)s(H20)3]NO3-4H,02CH;0H X J=-202 £=1.97 Fig [35]

ESR 8=25 [g=2] G,=025 Fig [35] G =4V3G,

8=2lJo -1l

[Cr30(0,CPh)s(MeOH); (NO3 )-2MeOH X J=-186 £=1.98 Vla [65]

ESR §=2.0 [g=1.98] d,=0.17

[Cr30(RCOO)s(H,0)3 ] ESR, X (Q)-band 8iso 81A Tsu [25¢] 24 = 2(G? +82)'/?

R=CHs 1.80(1.972)  0.932(0.994)

R=CICH 191 0.947

R=Cl5C 1.92(1.97)  0.955(0.992)

R=H 1.93 0.962

R=4-CI-Ph 1.95 0.977

[Cr2FeO(RCO0)s(H20)3]A-S ESR Siso 81A Kuy [25d] 24 =2(G2 +82)'?

R=CHs; A=NO3;~; S=CH3COOH 1.93 0.56

R=CICH;; A=NO5~; S=3H,0 1.93 0.56

R=CyHg; A=NO3~ 1.94 0.56

R=CHs; A=PtCls—; S=12H,0 1.96 0.58

R=CgHs; A=NO3~ 1.94 0.56

R=C4Hg; A=NO3~; S=H,0 1.92 0.55

R=CsHj1; A=NO3~; S=2H,;0 1.92 0.55

R=CCl3; A=CCIl3CO0~; S=4H,0 1.93 0.56

[CrFe;0(RCOO0)s(H,0)3]A-S ESR Kuy [25d] 24 = 2(G? +82)'?

R=CHs; A=NOs;~; S=CH3COOH 1.95 0.53

R=CICH,; A=NOs~; S=3H,0 1.94 0.53

R=C2H5; A=NO3’ 1.93 0.52

R=CHs; A=PtCls—; S=12H,0 1.96 0.54

R=CgHs; A=NO3~ 1.95 0.53

R=C4Hg; A=NOs—; S=H,0 1.92 0.51

R=CsH;1; A=NOs—; S=H,0 1.92 0.51

R=CCl;5; A=CCl3CO0~ 1.98 0.55

[Coll] complexes

[Co(depa)Cl]3 X J=-5.7 8xy=1.96 G=2.8 Ber [36] G =2V3d®

g,=2.7

[VYVY] complexes

(NHa )1 [{VO(H,0)}¢ X, J=-195 1.97 G=5 Gat [37] G =3d8

{Mo(H,0),(OH)Mo}3 B=1T J=-26 J' - between
triangles

{Mo15(MoNO),0sg

(H20)2}3].65H20

(NH>Me; )15(NHa)s X, J=-158 1.85 G=9 Gat [37] G = 3d

[{VO(H;0)}6 B=1T J=-33 J - between
triangles

{MO(Hzo)z(O)MO}g

{Mo15(MoNO),

Os5(H20)2}3].14H,0
[VY] complexes
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Table 7 (Continued )

Compound? Method® (J/hc)/em1 € g (d/hc)[cm~1 4 Ref. Notation
Ks[V15A36042(H20)]-8H,0 ESR J=-1.69 1.96 A=0.14 Tsu [38] A = /3d8

M, =171 Ziso=1.94 D, =0.238 Tar [23]

B=5T; D, =0.054 Tsu [72]

T=0.1-42K

ESR -_085 dy=d,=0.02 Kaj [66]

d, =0
Modeling Rae [67]
Tsu [68]
Mach [69,70]
Ks[V15As6042]-9D,0 INS =170 2A=028 Cha[71]
[Fell'] complexes
Me4N[Fe;(HXTA)(O,CMe), | MS, X J=-20 lg=2] d=22 Kau [39]
MMOH MS, X =_15 lg=2] d=15 Kau [39]
{2Fe-2S}'* core in reduced Tt Rieske ESR J=-43 £=2.14,194,1.81 d=8 Oli [40]
protein
{(NH4)2[Fe;0(0x);Cl5]-2H, 0}, MS J=—464 g=20 Gy =Gy =36 Arm([73]
[Fel!'] complexes
{3Fe-4S}* core of ferredoxin Il MS, ESR Jij=—300t0-310 [g,;=2] d=04 San [41] d=d?=d» =d}
8y =197 8L =

) (1 - 22;52)
8~ 3(J3 — J13)

[Fe30(0,CEt)s(H20)3]Cl-5H,0 ESR =-60 g£,=2.020 d=1.4 Rak [42]
T=42K Zxy =2.000
{Fe30}7* core in X, ESR, MS Bou [43] J1(x2),J2(x1)
[FegNaz02(02CPh)1o(pic)a San [44]
(EtOH)4(H20),](Cl04),-2EtOH
a-set J1=-54.8 8iso =2.0 d~2 -4 A? = 0% +243d?
J=-41.8 gxy=1.70
g,=2.00
b-set Ji=-454
J»=-632
(NHg)[Fe3(OH)(H2L)3(HL)3] X, M, ESR J1=-384 [g=2] ineffective Rap [45] J1(x2), J2(x1)
J.=-646
(EthH)4 [Fe;O(NOz—pz)sClg]Clz X, M, ESR Pin [46]
a-set J1=-80.1 Ziso =2.00 d,=5.09 J1(x2), J2(x1)
Jo=—72.4
b-set J1=-70.6 8xy=1.53 d,=9.87
J»=-80.8 g =11
Other complexes
[Niz(pmdien)s(p-ttc)](Cl04)s J=1.67 g,=2.099 d,=4.95 Kop [47]
2¢=1.265
[M,] complexes
[CusOClg(OPPh3 )4] X Jt/d=-0.4 y?=0.46 d=62.5 Lin [48]
[Nig(ROH)4L4] X D=6.5 Gy =5 Kir [51] Ja(x2), Jg(x4)
E=227 G,=-6
M Ja=-24 D=6 Gy =48
Jp=+14.0 E=2.89 G,=-10
INS Ja=-24 D=738 Gy =49
Jg=114.0 Gy=—
[PPN][Cug(.3-0)2(jr-4-Br-pz)g(p.-3,5- X, M Jo3=-722 g=1.95 d,=30 Zue [53]
Phy-4-Br-pz)s3] Ji3 = —667
J12 =637
Jial =26
[NaFeg(OCH3)12(C17H1504)6] M, T=0.04K,B=28T J=21.8 |di-d;+11=0.0136] Cin [74] Feg-ring
ClO4
Has [75]

2 Abbreviations for ligands: Haaat=3-acetylamino-5-amino-1,2,4-triazole; Haat=3-acetylamino-1,2,4-triazole; HXTA=N,N’-(2-hydroxy-5-methyl-1,3-xylylene)bis(N-
carboxymethylglycine); MMOH =dinuclear iron cluster of the oxidized hydroxylase component of methane monooxygenase; Hdepa = 2,2'-(bis-4-ethylpyridyl)amine, Mes-
Hpz=3{5}-(2,4,6-trimethylphenyl)pyrazole; DBED = N,N’-di-tert-butylethylenediamine; HsL=orotic acid, L' =1,4,7.trimethyl- 1,4,7-triazacyclononane, Im=imidazolide,
L? =dodecaaza macrotetracycle, 2,4,5-T = 2,4,5-trichlorophenoxyacetate.

b Methods: X - magnetic susceptibility, M - magnetization, ESR - electron spin resonance, SC - single crystal, MS - Méssbauer spectroscopy, MCD - magnetic circular
dichroism, C - calculations, INS - inelastic neutron scattering.

¢ The J-constants eventually rescaled to the form Flj\sg = —]AB(§A -§B);]av =(2J1+J2)/3; 8 and & are the small changes in the isotropic exchange due to symmetry lowering.
Fixed parameters are given in brackets.

d The sign of the antisymmetric exchange parameter is uncertain: d means |d|. (E/k) [K]=1.4388(E/hc) [cm~1].
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The best studied case is consideration of the z-component of the

2999

zero-field splitting because there is no interaction element between

parameter vector (Ap) for genuine spins s=1/2 that is appropriate 1, 1/2> and |0, 1/2> kets.)
to [V'3V] or [Cu'3'X | cores. In this case the interaction matrix is
o . . . 0 . ;0 . [§,=1 §=3/2 M=-3/2]
0 = = 0 0 100 M=-1/2
0 . 0 0 100 M=1+1/2
| e o0 ; 0 i. 0 M=43/2
H™ = T | for
000 . 0 . ; S,=1 §=1/2 M=-1/2
000 < 0 I ¥ M=+1/2
R e R i bR e e P R e e - —————— = —————
0 0 0 .|(+J3/2)id, 0 o . S,=0 S=1/2 M=-1/2
000 0 B4, {. o) L M =+1/2] (5.5)

In the uncoupled basis set ordered in the standard ascending
way there is

For the kets ‘512, S,M > ordered differently, the ASE matrix has
been derived in the form [23]

i & * * = -
; - ; S,=0 §=1/2 M=+1/2
i & * *®
(312)i, L S,=1 S§=1/2 M=+72
(—312)id, | ‘ * M=-1/2
H™i= - I for
(3/4)id_ IED S,=1 §=3/2 M=4+3/2
(3/4)a | , (3/4)4 M=+1/2
1
(3/4)id,. O CIY L M=-1/2
(3/4)id, | 34, | .. L M=-3/2] (5.8)
. % . *
+1 . . *
(HEDH 4 {200 | gant) (A, /2) . * 0k This matrix differs from the above derivation by a phase factor
12 B 31 %z 1 +1 . - that is irrelevant to the eigenvalues. The corresponding isotropic
+1 . . * exchange +Zeeman matrix (in the approximation of the strong
-1 +1 exchange limit) is
(5.6)
—3j/2+4y,12 * i
e ) o AL N S R S S
1 =3j/24y,/2 *
e Py N2 3ji2-p02 : X
B ; 3j1243y,/2 *
| 312y, 3ji2+7./2 * .
i 2y, 3ji2-y,12 *
E (B12y, 3j12-3%,12) (59)

These two matrices are equivalent representation of the
antisymmetric exchange as they are related by the unitary transfor-
mation (the coupling). They possess an identical set of eigenvalues:
{—(v/3/2)An}-twice, {+(v/3/2)An}-twice, and {0}-four-times. On
adding the isotropic exchange, the zero-field energy levels (513, S)
become

6(1,1/2) | _ [ +(3/4) - (V3/2)A 57)
€(0,1/2) [ — | +(3/4) +(v3/2)An '
(due to the “interaction” the doublets cannot be assigned to a def-
inite intermediate spin S;;). This means that the degeneracy of
1, 1/2> and |0, 1/2> states is removed just by the antisymmetric
exchange. (The asymmetric exchange is incapable of such a kind of

where the Zeeman factors are y. = Fgiup(Bx +iBy)/v2, 2
g msBz, and the isotropic exchange constant has altered sign 2j =
—J. With the magnetic field applied parallel to the three-fold rota-
tion axis (B, C3), after introducing the Zeeman factor y = g, ugB,,
we get the exact eigenvalues

81{3 = (=3/2)j - (1/2)/3A2 +y2

= (—3/21i—(¢§/2)An\/m (5.10)
&34 = (=3/2)i +(1/2)/3A% + y?
= (—3/2)J’+(~5/2)An\/m (5.11)
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[1,3/2,+-1/2> CR—
Ay == 4 [1,3/2,+-3/2>
[1,3/2,4-3/2>
(3/2)‘} |O,1."2,+—1."2> = ]
/5= J1_J2,L -
2E ——
[1,3/2,+1/2> —
1 1
Ji t J 4 J; ASE
2 3
£ g 4 &
Dah C2v

Fig. 13. Splitting of the zero-field energy levels by the isotropic and antisymmetric
exchange for s=1/2 triangulo-triads.

e56 = (3/2) F(1/2)y (5.12)

&7 =(3/2)iF(3/2)y

The zero-field energy levels are split into two Kramers dou-

(5.13)
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&1 3(LF) = =(3/2)j — (V3/2)An — y* /(4v/3An) (5.14)
&3 4(LF) = —(3/2)j — (vV3/2)An + v* /(4V/3A,) (5.15)

The dependence upon the high field (HF) approaches a linear
dependence since then

et 5(HF) = —(3/2)i — y/2 - 3A2/y
&3 4(HF) = —(3/2)j + /2 + 3A%/y

There is not an avoided crossing of energy levels owing to the
perpendicular component of the ASE (Fig. 14). However, with the
in-plane components (A; # 0 or A; # 0) the ASE acts as a first-order
perturbation that causes an avoided crossing of the ground (S=1/2)
and excited (S=3/2) states.

The molar magnetization is as a thermal average of the micro-
scopic magnetic moment

Mol = Nal ) — (3e:/3B) exp(—e;/KT)I/[>_ exp(~&;/kT)] (5.18)

(5.16)

(5.17)

Only the low-lying levels contribute to the magnetization at low
temperature. Using the shifted energy levels for two Kramers dou-
blets:

1/2

1 2.,.2
blets separated by the gap A = +/3A,. At low fields (LF), when €13 = —(3An+¥7) /2 (5.19)
y =g, ugB, < A, the Zeeman energy levels stay doubly degener- n 5 211/2
ate but they show a quadratic dependence upon the field €24 =+CA+y7) /2 (5.20)
Jthe==1¢m™
A,=05 cm’! A=4,=05cm™
T T X
21
§ o
W
.2 .
5 5
B, <> B,IT
Jlhe = +1 em™
Ar=A,=05cm™
T
21 ™ 21
5 0 g 0
W W
! ™~ 5 1 \‘\
-5 0 5 -5 0 5
B <-->B,IT B, <—-->B,/T

Fig. 14. Development of energy levels for triangulo-[1/2,1/2,1/2] spin system in the magnetic field taken in the weak exchange limit. Net effect of the normal component

(left) and of the in-plane component (right) of the antisymmetric exchange.
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whose derivatives with respect to the magnetic field are (y' =
g11B)

’ ’ -1/2
ety =—yy3A2+2) )2 (5.21)
’ ’ -1/2
54=+7YBA2+2) 22 (5.22)
with Y’ = upg,, the magnetization results in the form of:
ML = NAL
" a3z 4 2)?
exp[+(3A2 +¥2) 1/2/2kT] — exp[—(3A2 + y?) 1/2/2kT]
exp[-;—(3A2 +¥?) 1/2 /2kT] + exp[—(3A2 + ?) ]/Z/ZkT]
(5.23)

In the low-field and low-temperature limit the exponential-
containing term collapses to 1:

exp(+a/T) —exp(—a/T)

T—0
exp(+a/T) + exp(—a/T) tanh(a/T)—1

(5.24)

(using a = (3A2 + )/2)1/2/2k) and then we get the simple formula:

My (LF) = Napipgs ——— (5.25)

2(3A7 +v?)
for y = g, upB. . Notice, the zero-field energy gap is related to the
factor A = v/3A; = 2G = G’ where new parameters (G or G’), met
later, occur. Remember also the notation used: dAB = d/B = A,.The
perpendicular component of the susceptibility per tnad is then:

Xmol(LF)=110M1 /B

— (Nator3g? /12342 + y*)' ]y tanh[(342 + y2)"/? /2kT] (5.26)

which matches the earlier derivations with 3A2 = 4G2 = G2 [3]
(Note: the susceptibility formula was originally presented per
metal ion, differing thus by a factor of 1/3.) In the low-temperature
limit it becomes:

Xmol(LF, LT) = Naftop3g? /(2v/3An)

(In paper [37], the energy gap between two Kramers doublets is
claimed to be A = 3+/3Gp, with G = 3Ggp = 3d48, and in the for-
mula for x, afactor of (1/2) is missing.)

When three lowest levels |S12, S,M > are involved, namely
|0,1/2,-1/2),]1,1/2,-1/2),and |1, 3/2, -3/2), the energy lev-
els in this restricted basis are [23]:

(5.27)

—(3/2)i— /2 (5.28)

et = —y+(1/8)[1842 + 16(y — 3j)*] " (5.29)

et = —y—(1/8)[184% + 16(y — 321"/° (5.30)
Since

3=y +20y 31842 +16(y 3] ) (531)

the perpendicular component of the magnetization in the high-
field (and low temperature) becomes:

ML (HF)=Npguis {1+2(y—31)[18Ai+16(y—3j)21‘” 2}

Tsukerblat et al. [3,24] derived that the ASE operator for a triad,
restricted to the basis of two Kramers doublets 2D(1/2), can be rep-
resented in a universal form:

(5.32)

cyclic
At = N "G (Sa x Sp) = Gul@y ® 03) + Gy(0y @ 0)
A+B

+G;(0y ® 07) (5.33)

Table 8
Proportionality constant « for the ASE in triangulo-triads?®.
$=S1=5=S3 S, S ab Energy gap*
1/2 1 0 V3/6 A =2G =2G, = V3G = v/3d4P
32 2 1 2V3/3 A =4V3G8
5/2 3 2 3V3/2 A =9v3G2

2 For heteronuclear triads consult [3,24]. Sy, is the smaller of the two values of
intermediate spin.
cyclic
b Many-electron parameter G, = E 628 = o[GI? + G + GEV] for a=x, y,

A+B
z; G* = G + G} + G2. For triangulo-triads Gy =G, =0, G}® = G =) =
G<«G,= 3aGAB 3oud2B.

¢ Zero-field splitting of two Kramers doublets.

Gf”, and

where (0, 0y, 0;)are Pauli matrices. The constants (Gy, Gy, G;) are
regarded as many-electron antisymmetric exchange parameters
obeying the addition:

cyclic

Ga :aZGQB

A+B

(5.34)

(a=x,y,z) while the proportionality constant is defined as follows:

a =6 12—t (g 45, 4 1)

% [S1(S1 + 1)(251 + 1)(2S12 + 1)(2S), + 1)]'/2

IS s L[S, 172 s
Si Sip 1 1/2 S 1

with Sq, being the smaller of the two values of intermediate spin
(Table 8). In writing the 4 x 4 interaction matrix the members of
the basis set are ordered as follows:

|S12,1/2,+1/2)
|S12,1/2,-1/2)
|S12+1,1/2,+1/2)
|s12 +1,1/2,-1/2)

(5.35)

|S12,5, M) = (5.36)

In order to study the single-crystal ESR spectra a more general
form of the Zeeman term is appropriate in which the anisotropy of
the Zeeman interaction is taken into account:

A? =h'upg(B-S) =

where ¥ is the angle between the direction of the magnetic field
and the trigonal (z) axis of the triangulo-triad and y = gugB. This
leads to the magnetic energy levels [3]:

/2

S, cos ¥ (5.37)

— +[G? 4 Gycos® + (/2] (5.38)

revealing a zero-field energy gap of A =2G=2G,=+3G/8 =

v3d2B. We need be careful since in this case:

G? = G2 + G2+ G2,Ga = (V3/6)[Gy? + G2 + GPV1, G « G,

= (V/3/2)GB (5.39)
Using an altered definition [25]:
> =3(G;+G} +G2).G,
=GP+ 6P+ 6PV, ¢« V3G, (5.40)
one arrives at the energy levels:
st, = £(1/2)[G% £ 2G y cos 9 + 2] (5.41)

and the zero-field energy gap of A = |G/|.
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With ¢ = 0 the energy levels depend linearly upon the field:

1/2
et =+[G2 £ Gy +(y/2)'] T =G £y/2| (5.42)

and after substitution into the van Vleck formula we get the parallel
susceptibility component in the form of the Curie law:

Kol (LF) = (Naptopu /K)gt /(4T) = Cogf /4T

With ¢ = /2 and in small fields the expansion of the square root
yields the energy levels:

(5.43)

£t = +(G? + (/271"

/

= 161+ (/262 P2 £[G +12/(8G)] (5.44)

and then, by applying the van Vleck formula, the perpendicular
susceptibility component results in the form

282 exp(+G/kT) — exp(—G/KT)

B4G exp(+G/kT) + exp(—G/kT) (5.45)

Ximol(LF) = Naptopt

which no longer resembles a Curie paramagnet. Remember that

exp(+G/KkT) — exp(=G/kT) _ T—0

exp(C/KT) exp(—G/kT) = BN(G/KD=1 (5.46)

so that the low-temperature perpendicular susceptibility compo-
nent approaches a constant limit

Xino(LF, LT) — Napopdg? /(4G) = Cog? /(4G/k)

The theory of the antisymmetric exchange in the exchanged
coupled equilateral and distorted metal trimers of the type
triangulo—[MglO] (M=Cu, Cr, Fe) and triangulo—[Mlz"M’mO] (M=Fe,
M’ =Cr and vice versa) have been developed by Tsukerblat and
co-workers and applied mostly in the explanation of the EPR and
Mossbauer spectroscopy and also in the magnetism and the heat
capacity experiments [24-25d,95-100].

The s=3/2 triads, referring to triangulo—[Crl;lO] complexes, have
been studied in detail by HoNDA [32]. With antiferromagnetic cou-
pling, the lowest energy levels refer to ‘512, S, M> spin states of
which |1,1/2,+1/2) and |2, 1/2, +1/2) are the lowest Kramers
doublets. Restricting to them, the matrix elements of the spin
Hamiltonian:

(5.47)

A% = —Joh2[(S1-82) +(S2-S3) + (S5 - S1)] — iR (S5 - $1)
+12[dyy - (51 x S2) + da3 - (S5 x S3) +d31 - (53 x 1))

+Tf1/LBB(sin ¥ cos gogx§x + sin ¥ sin (pgy§y + cos 9g;5;) (5.48)

are
§/2+y, = * * [2.172,+1/2)
y 12 82—y 1 % * . [2,1/2,-1/2)
S| e e e e e e | OF
YLD 2 D2 18724y, * [L1/2,+1/2)
iD, /2 D /2 y /2 -8/2-y, [1,1/2,-1/2)

(5.49)

where § = —4J; = —2J; refers to the zero-field energy gap in the
isotropic exchange limit, the Zeeman components are y; = gq/tpBa
(a=x,y,z), y+ = yx £ iyy, and the antisymmetric exchange compo-
nents are, for the moment, labeled as D, = (4/«/?)[d5112) + ng) +
dﬁfl)] and D = Dy +iDy; the relationship with the above conven-
tionsis Dq = 2G4 = G,,. The diagonalization of the interaction matrix
yields the exact energy levels in the form:

1/2
sl4=i{A2+y2i2\/82y2+(f/~5)2} /2

(5.50)

where D = (Dy,Dy,D;), 7= (¥x, ¥y, ¥z), and A:(82+l32)]/2.

Angular dependence of the resonance fields B] for seven ESR tran-
sitions can be derived with the help of the substitutions:

N ) : ) 172
g = [71/(118B) = (g2 sin®® cos?p + g2 sin” ¥ sin® + g2 cos?®) /

(5.51)

d=(7-D)/17| = (Dxgx sin ¥ cos ¢ + Dygysin®¥sing + D,g; cos ¥)/g

(5.52)
and for the microwave energy &g = hv they are
A% — g2
B! =80 | =———— 5.53
EMUBb1 256 0 21 78% ( )
gupBy 4 = F\/€2 +d2 —D2 + /862 + d2 (5.54)
gupBh = \/e2 +d2 — D2 — /82 + d2 (5.55)
The effective g-factors for the low-field transitions are
S 1/2
DZ _ d2
Beff =8 {1 "2 83} (5.56)

For the axially symmetric system, when Dy = Dy = Oisassumed,
some simplifications become evident:

71 = usB(g3, sin? 9 + g2 cos? 19)1/2 (5.57)
(7 - D) = 4v/3D,(15Bg; cos ) (5.58)
ID| = 4v/3|Dy| (5.59)

These formulae have been used in a detailed analysis of the
single-crystal ESR spectra [32] and accepted also by followers [35].
In the forthcoming publication [33] the matrix elements of the ASE
for the full 64 x 64 matrix are reported and applied in interpret-
ing the high-field magnetization data. The antisymmetric exchange
matrix has been previously used by Nishimura [31] in the form:

i o [11/2,41/2)
: N [1,1/2,-1/2)
G G /15, (PN NP SRR Y
Hi = @13) T S, v el Ll [P VER P
-ip,+D, iD, i [2,1/2,-1/2) (5.60)

where the parameters in use were Dy = df,lz) + dE,B) + d(am.

The s=3/2 triad, referring to a triangulo—[Col;] complex (formed
of units with #A, tetrahedral sites), has been studied by BERRY [36]
in the restricted basis of 4 kets. With the definitions of G = G, =
2//3)(d? + d?) + dBV) = 2v/3d%8 and y; = g;ugB, the lowest
magnetic energy levels are

1/2
8{2 = +[(2G £ ¥ cos V) +(yL sin®)?] / /Zi +G=£(y/2)cos P
+¥? sin®? /(8G) (5.61)
€1 = —[(2G £y cos O+ (y. sin 0)2]1/2/2£> - G¥(y/2)cosv
—y?sin¥?/(8G) (5.62)

separated by an energy gap of A =2G at B=0; ¥ is the angle
between the field and the C3 axis of the triangle. For the z- and
x-orientation the energy levels are

&1 ,(2) =+G£(1/2) (5.63)
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€120 =-GF(n/2) (5.64)
e (%) = +(4G* + 221225 G+ 2 /(86) (5.65)
£1,(0) = —(46% +.2)'? 215 _ 632 /(80) (5.66)

Under the assumption that the rest of the energy spectrum fol-
lows the isotropic pattern, with the substitutions of

I' = exp(G/kT), A = exp(j/kT) = exp(J/2kT) (5.67)

the zero-field partition function is
Zy = ZNS -2 + 1 exp(—eQ /kT) =2 . (I'"1 + A + 4. 4A3
S
+3-6A% +2.8A1° +1.10A%

= 2[2cosh(I") + 8A3 + 943 + 8A!> 4+ 5A4%4] (5.68)

where the occurrence factor for individual spin states is Ns=2, 4,
3, 2,and 1 for S=1/2 through S=9/2 lying at 0, —3j, —8j, —15j and
—24j; (2j=]). Then the susceptibility components in the low-field
limit (when the van Vleck formula is operative) become expressed
as:

X = Co(g?/4T)[2 cosh(I") + 40A® + 105A%

+168A"° + 165A%412/Z, (5.69)
%, = Co(g?/4T)[(kT/G)2 sinh(I") + 40A3 + 105A8
+168A"> 4+ 165A%4]2/Z, (5.70)

where the special symbol points to the approximations involved:
strong exchange limit and low field. At low temperature the
isotropic remainder of the partition function vanishes (A— 0 for
negative J), and one gets:

X(LT) = Cog? /AT (5.71)

T—0

%1 (LT) = [Cog? /(4G/k)]tanh(G/KT)—>Cog? /(4G/k) (5.72)

The last formula differs from the Curie law. The magnetization
components at arbitrary field are reported in [36].

The above procedure in deriving the susceptibility formulae
can be applied also for other relevant cases. For the s=1/2 triads,
with the help of the a-coefficient from Table 8 we get G =G; =

4
z-component
———- x-component
—-—- z-and x-components, G=0
3+ 7
',r/ cross
o F
=% /s
2 i
— 2} o
= .".' 2
E /i
/f
Ky -
1+ = id $ f//
// Bisa ,/’/
Ve —~
// //,
0/. \ \ .0“.24.5.3"’
0 5 10 15 20 25 30 35 40
BT

(v3/6)(d'? +d*) + dPV) = (V3/2)d4B. The zero-field partition
function is

Zo=2-(I' 1+ MA® +1.4A3 = 2[2 cosh(I") + 2A3]

with the occurrence factors for individual spin states Ng=2 and 1
for S=1/2 (lying at 0) and S=3/2 (at —3j), respectively; 2j=J. Then

X = Co(g? /4T)[2 cosh(I") + 20A%]2/Zy (5.73)
%, = Co(g2 /4AT)[(KT/G)2 sinh(I") + 20A%]2/Z, (5.74)
where in treating the numerators we utilized:

+S

Z M2 =S(S+1)(25+1)/3 (5.75)
Ms=-S

Neglecting the A-term, we arrive at the low-temperature limit
that matches the above-presented derivations for s=1/2 and s=3/2
triads.

In general, the zero-field partition function can be written in the
form

Zo=2-(I" '+ MA° + Z N - (25 + 1)AS(S+1)-3/4
S#1/2

(5.76)

where we shifted the energy levels of the two S=1/2 states to zero.
(The occurrence factors of individual spin states Ng can be calcu-
lated on the reduction chain of the groups SUas+1) — SP(2s+1) = R3,
by summing up how many times the spin Sin the full-rotation group
R3 occurs in the irreducible representations [A] of the unitary group
SU(25+1).) For s =5/2 the Ng values for S=1/2 through 15/2 are: 2,4, 6,
5,4, 3, 2, 1. The susceptibility components are written in the form:

X = Co(g?/4T)[2 cosh(I") + 4R]2/Z, (5.77)
%, = Co(g2 /AT)[(KT/G)2 sinh(I") + 4R]2/Zy (5.78)
where the remainder is

R= Z Ns - (2S + 1)[S(S + 1)/3]AS(5+1)-3/4 (5.79)

S#1/2

Remember that the many-electron parameter G=G; =
ozs(dglz) + d£23) + d?”) = 3usd4® depends upon the genuine spins
s. The closed formulae for magnetic functions of triangulo-systems
with the antisymmetric exchange are comprehensively listed in
Table 9.

A modeling of the magnetization components for some trian-
gulo systems is presented in Fig. 15.

9
gk z-component
—=—=" x-component
7 —-—- z-and x-components, G=0
6 -
[11]
I
=4 L
= 5
Sy
o
E

Fig. 15. Modeling of the magnetization components for triangulo-[s=1/2] and triangulo-[s=3/2] systems with closed formulae in the strong exchange limit; J/k=-10K,

Glk=5K, T=2K.
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Table 9

Closed formulae for the molar magnetization and molar susceptibility upon antisymmetric exchange?.

Case 1a: triangulo-[s =1/2] according to Tsukerblat [3,23, 24]; - many-electron coupling constant
G =G, =(3/6)(d"? +d?> + d®V) = (v/3/2)d2B; 4G* = 3A2; - restriction to two interacting Kramers doublets

(§=1/2) with exact perpendicular eigenvalues

Perpendicular eigenvalues

L _ 2 241/2
Elsi1/2) = —(4G?% +y#) /2/2
L _ 2 2,1
sy = +(4G% +y2)'7 )2
Magnetization
M =NA Yy exp[+(4CZ+y2)]/Z/ZkT]—exp[—(4CZ+y ]/2/2kT]
. 2(462+y2)‘/2 exp[+(4G2+12)' /2 /2T rexpl—(4G2 +12) /2 jakT)
Yy 2 1/2
2(4G2+ 7 tanh[(4G? + y?) ' /2kT]

Approximate susceptibility (low-field,
linear magnetic behavior)

X1(LE)=toM. /B, = (Napopg? /[2(4G* + y2)
Low-field and low-temperature limit

M. (LF, LT)=INA = Nauig?

1/2

By
2,242 p2)1/2
2(4G +uBgLBL)

XL (LE, LT =3 Nagiopi2g? /(4G) = Cog? /(4G/K)

vy
2(462+y2)1/2

]} tanh[(4G? + y2)

Derivatives
-1/2
3(5 1/2)= —V' V(4G +y?) 22
-1/2
€(521/2) = TV V(4G + ¥?) 23

Case 1b: restriction to two interacting Kramers doublets (S=1/2) with approximate perpendicular eigenvalues

Substitutions

Yy =8 usBi, Y =g 1s;
zero-field energy gap A = 2G

Approximate eigenvalues van Vleck coefficients Substitution

L . C_2 (0),L ) _ 2
5/ = G yz/sc 85371/2 -G, aE 12 = —(8L18)*/8G v =g, jusB..
Es=1/2) = +G +y*/8G Eis21/2) = TG 5(5 1/2) = +(g 1)’ /8G
Application of van Vleck formula (low field)

8% exp(+G/KT)—exp(—G/KT) _

X1(LF) = Naptoud 76 Z;guc/kr);;g(fc/kr) Cozem G/k tanh(G/kT)
X1 (LELT) — Najtop3g? /(4G) = Cog? /(4G/k)
Case 1c: restriction to two interacting Kramers doublets (S=1/2) with exact parallel eigenvalues
Parallel eigenvalues (exact) van Vleck coefficients Substitution

I (DN (1,1l
sﬁs ) S 8§gﬂ/z) - SE% \]/2) e Vi = & isB)

) I =
E(so1/2) = +C 7112 E(so1/2) = TG &5y py = H(1/2)g) 13
Application of van Vleck formula (low field)
l“OI(LF) (NA//.O;LB/k)g /(4T) = ng /AT (Curie law)
Case 1d: Involvement of excited quartet (S=3/2) to triangulo-[s = 1/2] with 2j = J; - many-electron coupling constant
G=G; = («5/6)((1?2) + d;m + d?”) = (+v/3/2)d4®; - approximate perpendicular eigenvalues and exact parallel
eigenvalues
Parallel eigenvalues van Vleck coefficients Substitution
(0),L (1).
8:‘5:1/2) =-G£(1/2)y, 88) 1/2 = -G, 8% ‘]‘/2) =+(1/2)g 1
Sis-1/2) = +G£(1/2)y s = +Gy 5y p) = £(1/2)g 1 V1 = 2156y
. ot =
635:3/2) =-3j+(1/2)y 853)23/2) =-3j, 5E5)3/ 2= £(1/2)g 18
_ g L

Es_3/2 = —3£(3/2)n sﬁslg/z) =-3j, EES 4y = £(3/2)g118
Perpendicular eigenvalues Substitutions

Chyy =468 + 102 )

2 1/2 Y =8iLMBb,

6(5 12) = *@G +v2)"7/2 I = exp(G/KkT),
s(s 3=~ =(1/2)y A = exp(j/kT) = exp(J/2kT)
Esoayy = 3£ (3/2)y

Approximate perpendicular eigenvalues

é 1= G -7?/8C
"3(5 1/2)—+G+y2/86
6(5 32 =31+ (1/2)y
E5_3/2 = —3 £ (3/2)y

Parallel magnetization

_ MBE| Num
M =Na 2 TDen

Num = A%+ I')Z - Z )+ A[(Z - 27") + 3(Z3 — 273)]
Den =A%+ ') Z+Z )+ A[(Z+Z ")+ (22 +Z73)]

Perpendicular magnetization

MB&1L N
M, = Ny Lo e

van Vleck coefficients

8525/2) -G, 8; 1i/2 = ~(g.1u8)’/8G
s§g>¢/2 = +G, as ; /2) = +gLms)*/8G
822) 3/2) = -3j, & s 3/2) =+(1/2)g. 18

(0),L (
Eislayy = — 3 €5l 3/2) =+(3/2)g. 18

Substitution

Yy =& usB1

Substitutions

Z = exp(usBg /2KkT),

I" = exp(G/kT),

A =exp(j/kT) = exp(J/2kT)

Substitutions
X = exp(j4pBg1 /2KT),

= [4G? + (g pusB’1"%,
X = exp(S/2kT)
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Table 9 (Continued )

Case 1d: Involvement of excited quartet (S=3/2) to triangulo-[s=1/2] with 2j = J; — many-electron coupling constant

G =G, = (V3/6)(d"” +d? +dF")
eigenvalues

= (v/3/2)d4®; - approximate perpendicular eigenvalues and exact parallel

Parallel eigenvalues van Vleck coefficients Substitution
Num = A%(upg  B)2(X — Z-1)(S™ ) + A3 [(X — X~ 1)+ 3(X® - X3)]
Den =A%2(X + T )+ A3[(X + X 1)+ (X3 +X73)]
Approximate susceptibility (strong exchange limit, van Vleck formula, low
field)
X1(LF) = Co(g? /AT)[2 cosh(I") +20A%|2/Z,
X.(LF) = Co(g2 /AT)[(KT/G)2 sinh(I") + 20A%]2/Zy
Zo = 2[2 cosh(I) + 2A3]
Low-temperature limit (A — O forj<0and T — 0) y(LF, LT) = Cogf/4T (Curie law)
7=0
X1 (LF, LT) = [Cog? /(4G/k)] tanh(G/kT)— Cog? /(4G/k)
Case 2: triangulo-[s =3/2] according to Berry [36] with 2j = +J; - spin occurrence factors Ns=2, 4, 3, 2, and 1 for S=1/2
through S=9/2 lying at 0, -3j, -8j, -15j and -24j;
D1=3/2)  p(52=3/2) 5 p(S3=3/2) — 2P(5=1/2) 4 4D(5=3/2) 4 3D(S=5/2) 4 2P(5=7/2) 4 D(S=9/2); - many-electron coupling
constant G = G, = (2/v3)(d? +d?? + dPV) = 24/3d%8
Perpendicular eigenvalues Derivatives Substitutions
2 2) 1/2 , 172
Esayy = ~(4G* + 71 1/2 = &521/2 =~V V1(4G? + 1) 22
2 e , ~1/2
s(s 1y =+HAG + )2 (is 1) = HAVAG +y1) /2 Yo =8B, Y, =g s
E(s 3/2) = 3J‘ +Msy, (S 3/2) = MsgLpp I' = exp(G/kT),
5(5 s/2) = ~8 + Msy. <s 5/2) = MsgLig A = exp(j/KT) = exp(J/2kT)
5(5 272 = — 151 +Msy, 4 (s 772 = MsgL 1B
5(5 o2 = —24j + Msy, G 5=9/2) = = Msg, g
Approximate eigenvalues van Vleck coefficients
(0), L (2),L 2
s(s 12 = —G—v2/(8G) 85371 =G & (s 2= (gmB)Z/fSG
E(S 172 = +G+v1/(8G) Sg) I +G, 851)1/2 = +(gL1B) /8G
a(s 3/2) =~ +MsyL 8(3) 372 = 3 E §)3/2) =Msg.pp
i 1
5(5 sy =~ + Msy. 8((5) 52 =8 & 23/ = Msg. s
8(5 7/2) = ]5]‘ +Msy, 5%; 7/2 —15j, EES 7 = Msg, itp
Eis=g/2) = ~241 + My, E ez = —24) 813y ) = Msg. tp

Parallel eigenvalues

&ls 1/ = ~C£(1/2)y)
&5 1/ = +C£(1/2)y)
815 32y = —31 + Msy,
syszs /2 = —8+Msy,|
Els 7/ = — 151+ Msy
Els oy = 241 + Msy

Approximations: strong exchange limit, van Vleck formula (low field)
X1(LF) = Co(gf/4T)[2 cosh(I") +40A° + 105A% + 168A'5 + 165A%4]2/Z,

van Vleck coefficients

(0,1 (),

Sg)l/ =-G, 8%1/2) = £(1/2)g; 118
Il I

Eis_1y =0, 85 -1/2) =£(1/2)g 18

(0,1
&5 372 = —3; Es Y32 = Msgitp

(0) Il (1,1

85(5)):3‘/2) =-8j, 8 5(15/2) = Msg
N i
€533y = — 190, &5 7 = = Msg) s

(
(ON &)
Esm3yz) = — 24 &5 9/2) = Msgus

X1(LF) = Co(g? /4T)[(KT/G)2 sinh(I") + 404 + 105A8 + 168A!5 + 165424]2/Z,

Zo = 2[2 cosh(I) + 8A® + 9A% + 8A'> 4 5A%4]
Low-temperature limit (A—0 for j<0 and T—0)
X (LF, LT) = ngf/4T

T-0

X.(LF, LT) = [Cog? /(4G/k)] tanh(G/kT)—> Cog? /(4G/k)

Parallel magnetization
M, = Na B Num

Num = A°(F+F WZ-2Z71)
+4-A3(Z-ZY)+3(28 - Z23))

+3-A%[(Z-Z ") +3(Z3-Z3)+5(2° -Z73)]
+2-AB[(Z-Z V) +3(Z8 —Z3)+5(Z5 - Z25) +7(Z7 - Z77)]
+1-A%[(Z -2V +3(Z2 —Z3)+5(Z° —2°5) + 7(Z7
Den=A%I"+T"1)Z+Z1)

+4.A(Z+Z )+ (22 +273)]

43 A(Z4+Z )+ (Z2+23)+(2°+Z7°)
+2-AB[Z+Z )+ (Z2+Z23)+ (22 +Z73)+ (27 +Z77)]
+1-A(Z+Z N+ (ZP+Z3)+ (P +Z3)+(Z7T+Z77)+(Z° +

—Z7)+9(2° -

A = exp(j/kT) = exp(J/2kT)
Z = exp(usBg) /2kT)
I" = exp(G/kT)

z9)
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Table 9 (Continued )

Case 2: triangulo-[s=3/2] according to Berry [36] with 2j = +J; - spin occurrence factors Ns=2, 4, 3,2, and 1 for S=1/2

through S=9/2 lying at 0, -3j, -8j, -15j and -24;j;

D1=3/2) 5 D($2=3/2) 5 p(53=3/2) — 2P(S=1/2) 4 4p(5=3/2) 4 3D($=5/2) 4 2P(S=7/2) 4 D(5=9/2); _ many-electron coupling

constant G = G, = (2/+/3)(d'? + d®) + dPV) = 2./3d48

Perpendicular eigenvalues

Derivatives Substitutions

Perpendicular magnetlzation
M, = Na uegL N

Num = AO(ELBgLB)Z(Z s
+4-A3[(X - X1)+3(X3 -X3)]
+3-AS[(X — X~ 1) +3(X3 —X3) +5(X5 — X5)]
+2-AB[(X =X 1) +3(X3 = X3)+5(X5 = X5) + 7(X7 — X))
+1-A2[(X =X 1)+3(X3 = X3)+5(X5 —X5)+ 7(X7 —X7) + 9(X° — X~9)]
Den =A%2(X + X 1)
+4-A[X+X 1)+ (X3 +X73)]
3 A X+ X+ (X3 +X3)+ (X5 +X70)]
2 ABP[X+X D)+ X+ X3+ (X + X))+ (X7 +XT7)]
F1-AP[X 4+ XD+ X +X3)+ X+ X))+ X7+ X))+ (X2 + X))
In the limit of very strong-negative exchange (A=0)
M, 29N, (o118 (/LBgL(B; Z(El D)
which matches the case ofs 1/2 for y = ugg. B
M, = Na /2 okT]—exp[—(4G?+12) :/Z/Zk‘r]
J2kT | +exp|—(4G2+y2)"/? j2kT)

Yy exp[+(4G2+y?)
2462 4+y2)'7? exp[+(4G24+y2)

72

A =exp(j/kT) = exp(J/2kT)
X = exp(usBg. /2kT)

S =46 + (2. 1usB]""*

X = exp(S/2kT)

Case 3: triangulo-[s=n/2] for n=1, 3, 5, 7 with 2j = +J; - Ns - occurrence of spin states for S=1/2 through S=3n/2 lying

at 0, -3j, -8j, .., —=[S(S+ 1) -
Approximate eigenvalues

3/4]j; - many-electron coupling constant G = G, = ots(d(zm

+d?? 1+ dP) = 30,df®

van Vleck coefficients Substitutions

&1z =G~ 72/(8G)

Lowest
E51/2 = TG +72/(8G)

Remaining &5 = —[S(S+1) — 3/4]j + Msy.
Approximations: strong exchange limit, van Vleck formula (low field)
Xi(LF) = Co(g? /AT)[2 cosh(I") + 4R12/Zo
%o (LF) = co(gi /4T)[ kT/G)2 sinh(I") + 4R]|2/Zo

rest rest
R= ZNS ZMZ ASSH-3/4 _ ZNS[S (S + 1)(25 + 1)/3]AS+1)-3/4
S#1/2  Mg=-S S+1/2
Zo=2.(I' 4+ DA + ZNS (25 + 1)ASSH)-3/4

S£1/2
Low-temperature limit (A—0 for j<0 and T—0)
X)(LF,LT) = ngf/4T

X1 (LF, LT) = [Cog? /(4G/k)] tanh(G/KT) =5 Cog? /(4G /K)

™

(0),L (2),L 2
G == - — —(g.18)*/8G

2
E(s21y) = +G, S(s 1/2) =+(g.us)"/8G
et = —[S(S +1) - 3/4lj, 6 = Msg, s

I" = exp(G/kT),
A = exp(j/kT) = exp(J/2kT)

2 Reduced Curie constant Cy = NA;J.O;Lé/k.

Rakitin et al.[42] utilized quite general form of the Hamiltonian:

2(5,-53)
(S2 % S3)+(S3 x S1)]

S = Joh 2[(S1-52)+(S2 - 53)+ (S5 S1)] + 8h°
+ 87251 -S2) +h72G - [(S1 x S2) +
+1 " ugB(sin 1 cos ggySx + sin ¥ sin ¢gy S, + cos ¥g,S;) (5.80)

(note the sign convention for the isotropic exchange terms), and
for the basis set of 4 kets spanning the 2E representation they get
its matrix elements in the form:

-8'12+8"4+y,12 * ! ¥

7. /2 —8'12+8"14-7, /21 *

H = -
= B4 -iD, /2 B3 '+§:2 5 /44y 12
D2 (f3/4)8"-iD,/2 | y. /2

+6'/2-6"14-y,/2

The kets were ordered as follows:

)

,_1/2>
|S12, S, Ms) = H.1/2,41/2) (5.82)
|H,1/2,-1/2)

where L and H means the lower and higher intermediate spin,
respectively. The field-dependent terms are yx = gx/4gB sin ¥} cos ¢,
vy = gyupBsin¥sing, y, =g;upBcos? and yi =yx+iy,. The
field-independent parameters are D. = Dy 4 iDy (different nota-
tion with respect to the shift-operator); D= ozs@ where o5 = /3,

(5.81)
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as =43, and as = 9+/3 for genuine spin s=1/2, 3/2, and 5/2,
respectively. The authors argued that in systems having the same
symmetry, the components of the spin 2E trimer ground state
belong to the same representation irrespective of the half-integer
spin value. Thus the matrix elements of the Hamiltonian with var-
ious half-integer spins coincide to recalibration of the parameters.
This leads to the eigenvalues:

1/2
£1-4 :j:|:A2 +y2i2\/82y2+()7-f))2} /2

where A2 = §2 + D? and 82 = (8' — §"/2)* + (3/4)(8")*. In addition
to the modeling of the ESR transitions, an analysis of ESR data for a
triangulo-[Fe3] complex has been reported.

The fitting of magnetic data (the temperature dependence of the
magnetic susceptibility, the field dependence of the magnetization)
for systems having a lot of states can be done in a fully numerical
manner. For instance, the triangulo-[Fe3] possesses a basis of 256
magnetic states. The matrix elements of the isotropic exchange
(1), Zeeman interaction (2), and the antisymmetric exchange (3)
(complex-Hermitean) can be generated with the help of the appa-
ratus reviewed in Chapters 2 through 4. The easiest way is to
construct the matrices of the individual spin centers in the basis set
of uncoupled spins, say S}fa) = <...SAM5A... |§Ca| ...SBMSB...>, where
a stays for the component (spherical, Cartesian, or shift-operator).
Proper matrix products generate the representation of the opera-
tors involved as evident from Table S5 (Supplementary material).
The eigenvalues returned from the diagonalization routine enters
the partition function (in the given field direction), from which
the magnetization and susceptibility components are obtained as
the first and the second derivatives with respect to the magnetic
field. The procedure like this has been successfully applied in fitting
the magnetic data for a triangulo-(Et3NH)4[Fe3O(NO,-pz)sCl5]Cl,
complex [46].

In a similar manner a non-Kramers system of triangulo-
[Niz(pmdien)s(-ttc)](ClO4); has been treated [47].

The involvement of the antisymmetric exchange in tetranuclear
systems was pioneered by Lines et al. [48] and by Kuyavskaya et
al. [48Db]. The conclusions about the presence of the antisymmet-
ric exchange have been revisited by another group on the basis of
ESR data [49]. A careful theoretical analysis of the antisymmetric
exchange in tetranuclear systems of various symmetry (Tg4, Dgp,
S4, C4y, C4n, and Dyq4) appeared recently [50]. A fitting of suscep-
tibility, magnetization, and inelastic neutron scattering data for
a tetrahedro-[Nig] system has been reported in [51]. A discussion
about the antisymmetric exchange in {Cug} and {Mng} hexagons
embedded in Ds;4-symmetric polyoxotungstates is presented in
[52]. A direct fitting of magnetic data for a prismo-[Cug] complex is
reported in [53].

Some modeling of the magnetic behavior need be men-
tioned, at least for a remarkable cluster [Mo7;Fe3q0552(Mo,07
(H20))2-(Mo208H;(H20))(CH3C00)12(H20)91]-150H, 0 [75].

There is extensive literature about the antisymmetric
exchange in extended systems (1D chains, 2D-networks,
3D-networks) as exemplified by the following references:

(5.83)

(NHgCHzCHzCOOH)zCUC14 and (NH3CH2CH2COOH)2CUBI'4
[76-78], KMnF; [79], KCuF; [80,81], Sr-doped ferrites
Bao_65r2,4Zn2Fe24O41 and Bao,4Sr1_62n2Fe12022 [82], CUGEO?,
[83], (NH3(CH;)4NH3)CuCly [84,85], Ni(CoHgN, ), NO,(ClO4) [86],
CUz(C5H12N2)2CI4 [87], Sl‘CUz(BO3)2 [88], [CONi(Dth)d [89].

There exist a number of articles devoted to theoretical stud-
ies of the antisymmetric exchange, with impact mostly to ESR
spectroscopy [90-115]. The EasySpin software package can be con-
veniently used to simulate and analyze ESR spectra including the
antisymmetric exchange [116].

6. Conclusion

There are two principal difficulties with the antisymmetric
exchange: (i) it is difficult to understand and to accept that it is
important; (ii) it is difficult to handle.

The antisymmetric exchange brings a kind of the magnetic
anisotropy. This means that the components of the magnetization
develop in the magnetic field differently; however at very high field
they converge to the same saturation limit. The components of the
magnetic susceptibility also develop differently with temperature
and if the temperature is high enough, they tend to average. The
principal features of the antisymmetric exchange, however, are dif-
ferent from those brought by the asymmetric exchange (combined
with the single-ion anisotropy). The most evident consequences of
the antisymmetric exchange can be seen in electron spin resonance
spectra.

In finite molecular systems the matrix elements of the antisym-
metric exchange, along with the isotropic exchange and the spin
Zeeman term can be generated by several alterative algorithms: by
analytical formulae in the basis set of uncoupled or coupled spins,
or by multiplication of matrices of the individual spin centers in the
basis set of uncoupled spins.

In contrast to the cases of the isotropic exchange and the asym-
metric exchange, the analytical formulae for the magnetization
and/or susceptibility are rarely available and one is left with a fully
numerical approach. A direct fitting of the magnetic data (magneti-
zation and magnetic susceptibility) for small clusters (Fes, Cug, . ..)
is a realistic task at present and it becomes a routine approach.

There is an increasing volume of information revealing that
antisymmetric exchange has an impact on the existence of sin-
gle molecule magnets [117]. For this reason this phenomenon is
no longer an exotic task, left to the specialists, and it penetrates
to the topical centre of interest of how to assembly and tune the
properties of single molecule magnets.
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Table A1

Antisymmetric exchange in dinuclear spin-systems [S, =Sg=1/2].

Antiferromagnetic exchange, J <0

a) effect of d; # 0 b) effect of dy = d, # 0
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Left - reduced, zero-field magnetic susceptibility for different ratios of |d;/J|.
Right - zero-field splitting of energy levels due to antisymmetric exchange.
AS = (]/2) [Smax(smax + 1) - Smin(smin + ])] =1
Table A2
Antisymmetric exchange in dinuclear spin-systems [Sy =Sg=1].
Antiferromagnetic exchange, J <0
a) effect of . #0 b) effect of d, = d, #0
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Left - reduced, zero-field magnetic susceptibility for different ratios of |d;/J|.
Right - zero-field splitting of energy levels due to antisymmetric exchange.

AS = (1/2) [smax(smax +1) = Smin(Smin + 1)] =3



R. Boca, R. Herchel / Coordination Chemistry Reviews 254 (2010) 2973-3025

Table A3
Antisymmetric exchange in dinuclear spin-systems [S, =Sg =3/2].

Antiferromagnetic exchange, J <0

b) effect of d; = d, # 0

a) effect of . # 0
0.8 0.8
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Left - reduced, zero-field magnetic susceptibility for different ratios of |d;/J|.
Right - zero-field splitting of energy levels due to antisymmetric exchange.

AS = (1/2) [Smax(smax +1) = Smin(Smin + 1)] =6.

Table A4
Antisymmetric exchange in dinuclear spin-systems [S4 =Sg=2].

Antiferromagnetic exchange, J <0

a) effect of d.# 0 b) effect of dy, = d, # 0
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Left - reduced, zero-field magnetic susceptibility for different ratios of |d;/J|.
Right - zero-field splitting of energy levels due to antisymmetric exchange.

AS = (1 /2) [Smax(Smax + 1) = Smin(Smin + 1)] = 10.
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Table A5
Antisymmetric exchange in dinuclear spin-systems [S, = Sg =5/2].

Antiferromagnetic exchange, J <0

a) effect of d. # 0 b) effect of dy = d, #0
124 1diJ= 124
1.0 1.0+
104
“ 08 = 08 =
208104 |G By 3
> Sos o6 Zos
R > 054 5064 = 054
= 7N T z T
3 04 ] S 04
2 2
N 024 (1Y —— ~0.24 I 0.0 f——————=
—_—— -
004 === 0.0
Ty T Ty —
001 01 1 10 00 01 02 03 04 001 01 1 10 00 01 02 03 04
ATNS| 1. 1J] ATIJ| | 7S [=1d 1]
Ferromagnetic exchange, J > 0
c) effect of d- £ 0 d) effect of &y = d, #0
6000 6000
5000 ld.1/1= P I P B = 2 A B
0 0
< 4000 - ===0d | . .
o = i |2 2
S 0.5 S 05
0.0 0.0
1 T e ————
110 0.0 01 02 03 04 001 01 1 10 00 01 02 03 04
KT |14 ATHIS [ 1|=1d 1]

Left - reduced, zero-field magnetic susceptibility for different ratios of |d;/J|.
Right - zero-field splitting of energy levels due to antisymmetric exchange.

AS = (1/2) [Smax(smax +1) ~ Smin(Smin + 1)] =15.
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Table A6
Magnetic functions for dinuclear spin-systems [S4 =Sz =1/2] in presence of antisymmetric exchange.

a) antiferromagnetic exchange J/hc = -50 em™, d/he =20 cm™!
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Energy levels, product function, isothermal magnetization (T=2.0K) and zero-field magnetic susceptibility.
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Table A7
Magnetic functions for dinuclear spin-systems [S, =Sg =1] in presence of antisymmetric exchange.

a) antiferromagnetic exchange J/he = -50 cm'l, d/he=20 cm™
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Energy levels, product function, isothermal magnetization (T=2.0K) and zero-field magnetic susceptibility.
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Table A8

Magnetic functions for dinuclear spin-systems [S, = Sg =3/2] in presence of antisymmetric exchange.

a) antiferromagnetic exchange J/he = 50 em™, difhe =20 cm™
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Energy levels, product function, isothermal magnetization (T=2.0K) and zero-field magnetic susceptibility.
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Table A9

Magnetic functions for dinuclear spin-systems [S4 = Sg =2] in presence of antisymmetric exchange.

a) antiferromagnetic exchange J/hc = -50 em™', di/he = 20 em™!
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Energy levels, product function, isothermal magnetization (T=2.0K) and zero-field magnetic susceptibility.
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Table A10

Magnetic functions for dinuclear spin-systems [S, = Sg =5/2] in presence of antisymmetric exchange.

a) antiferromagnetic exchange J/he = -50 cm", d.the =20 cm”!
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Energy levels, product function, isothermal magnetization (T=2.0K) and zero-field magnetic susceptibility.
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Table A11
Antisymmetric exchange in triangulo-[Ss =Sg =S¢ =1/2] spin-systems.

Antiferromagnetic exchange, J <0

a) effect of 4, # 0 b) effect of 4; =4, #0
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Left - reduced, zero-field magnetic susceptibility for different ratios of |A;/J|.
Right - zero-field splitting of energy levels due to antisymmetric exchange.
AS = (]/2) [Smax(smax + 1) - smin(smin + ])] = 3/2-
Table A12
Antisymmetric exchange in triangulo-[Ss =Sg =S¢ =1] spin-systems.
Antiferromagnetic exchange, J < 0
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Left - reduced, zero-field magnetic susceptibility for different ratios of |A;/J|.
Right - zero-field splitting of energy levels due to antisymmetric exchange.

AS = (1/2) [Smax(Smax + 1) = Smin(Smin + 1] = 6.
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Table A13
Antisymmetric exchange in triangulo-[Sa = Sg =S¢ =3/2] spin-systems.

Antiferromagnetic exchange, J <0

a) effect of 4, # 0 b) effect of 4; = A4, #0
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Left - reduced, zero-field magnetic susceptibility for different ratios of |A;/J|.
Right - zero-field splitting of energy levels due to antisymmetric exchange.
AS = (]/2) [Smax(smax +1) — Smin(Smin + ])] =12
Table A14
Antisymmetric exchange in triangulo-[Sa = Sg =S¢ =2] spin-systems.
Antiferromagnetic exchange, J <0
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Left - reduced, zero-field magnetic susceptibility for different ratios of |A;/J|.
Right - zero-field splitting of energy levels due to antisymmetric exchange.

AS = (]/2) [Smax(smax +1) — Smin(Smin + ])] =21
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Table A15
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Antisymmetric exchange in triangulo-[Sa =Sg =S¢ =5/2] spin-systems.

a) effect of 4, #£0

Antiferromagnetic exchange, J <0
b)effectof 4, =4, #0
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Left - reduced, zero-field magnetic susceptibility for different ratios of |A;/J|.
Right - zero-field splitting of energy levels due to antisymmetric exchange.

AS = (1/2) [Smax(Smax + 1) = Smin(Smin + 1)] = 63/2=63/2.
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Table A16
Magnetic functions for triangulo-[Sa =Sg =Sc = 1/2] spin-systems in presence of antisymmetric exchange.

a) antiferromagnetic exchange J/hc = -50 cm™', A,/hc =20 cm™'
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8T 8T
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4 3
1 isotropic
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= 3 e
Ve
R — 1/
— T 0 T T —
9630369 0 25 50 75 100 0 2 4 6 8 10
8T 8. 7K 8T
¢) ferromagnetic exchange J/hc = +50 cm'l, A the =20 cm™!
60 —— 3
90 ____< isotropic
---- xy-component 84
- = Zz-component
s ——averaged
560—#—'{%40— E?es- = 2-
% = = =
o E ” _\ -._.._\—E
30 ~ 44 g
= Ja0- ]
0 >< 2]
L L s | 0 T T 0 T T T 0 T T T T
96 -30 3 6 9 0 2 4 ] 0 25 50 75 100 0 2 4 6 8 10
BT BT TIK TIK BT
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Energy levels, product function, isothermal magnetization (T=2.0K) and zero-field magnetic susceptibility.
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Table A17
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Magnetic functions for triangulo-[S4 =Sg =Sc = 1] spin-systems in presence of antisymmetric exchange.

a) antiferromagnetic exchange J/hc = -50 cm™', 4,/hc =20 cm™'
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d) ferromagnetic exchange J/hc =+50 em™", Aithe = A/he =20 cm™

1
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Energy levels, product function, isothermal magnetization (T=2.0K) and zero-field magnetic susceptibility.
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Table A18
Magnetic functions for triangulo-[S4 =Sg =Sc =3/2] spin-systems in presence of antisymmetric exchange.

a) antiferromagnetic exchange J/hc = -50 cm", Aythe =20 em™!

240 % 4 isotropic 6 C
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d) ferromagnetic exchange J/he = +50 ecm ™', Ajhe = A/hc =20 cm ™!
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Energy levels, product function, isothermal magnetization (T=2.0K) and zero-field magnetic susceptibility.
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Table A19

Magnetic functions for triangulo-[S4 = Sg =Sc =2] spin-systems in presence of antisymmetric exchange.

a) antiferromagnetic exchange J/hc = -50 cm™!, A,/he =20 cm™!
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Energy levels, product function, isothermal magnetization (T=2.0K) and zero-field magnetic susceptibility.
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Table A20

Magnetic functions for triangulo-[Sa =Sg =Sc = 1/2] spin-systems in presence of antisymmetric exchange.

a) antiferromagnetic exchange J/he = -50 cm'l, Aulhe =20 cm”!
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Energy levels, product function, isothermal magnetization (T=2.0K) and zero-field magnetic susceptibility.
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Appendix B. Supplementary data

Supplementary data associated with this article can be found, in
the online version, at doi:10.1016/j.ccr.2010.06.012.
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